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HalijeM XOpOollne MAaTePUAJIbL. ..



Sapgarue 1

BeKTOpI)I n J€eKapTOBbl KOOPAMNMHATDI

ONPEAEJEHUE 1. Koopdunamamu HA3LIBAIOT YUCIA, ONPEIEIAIONINE TTOJIOXKEHNE TOUKHU HA, TIIOCKOCTH
R? wmm B mpocTpancTee R? (mam e B MpoM3BOAbHOM TipocTpancTBe R™). [lnsa
ynobersa orpanmanmcst R? u R3. Ilpsavoyrombabie (dexapmoen) KOOPIEHATHI TOY-
KU HA TJIOCKOCTH — CHAOXKEHHDBIE 3HAKOM NANC U MUHYC PACCTOSHUS OT TOUKU
T JI0 [0 JABYX B3AaUMHO HEPIeHIUKYIsAPHBIX TpsaMbix Ox1 u Oxy — ocetl Koopdu-
HAM, — TOYKA IIEPECEYCHUsT KOTOPBIX CIUTALTCs HAYAI0M KoopauHar. Ha pucynke
(puc. To4Ka & = {x1, L2} ONMUCHIBAETCS BYMST KOODAMHATAMW X1 U X2. [opn-
30HTAJIbHAS L1 — HA3BIBAGTCS abCyuCcColl, BEPTUKAIBHAS To — 0POUHAMOU.

Puc. 1.1.
CucreMy IeKapTOBBIX KOODAWHAT B MPOCTPAHCTRE 33JaI0T TPU B3AUMHO TIEPIEH UK YISIPHBIE TLIIOCKOCTH,
OTHOCHUTEJILHO KOTOPBIX MOJIOYKEHWE TOUYKU OMPEIENISIeTCS TPEMs YMCIaMU aHAJOTMYHO MPEIbIIYIIEeMY,

€r = {l’17l'2,1173}.

ONPEOENEHME 2. Touky = = {21, 2, T3} TaKKe HA3BIBAIOT 6EKMOPOM JIOO0 Paduyc—6eKMOPOM.

OnPEAENEHUE 3. Cucmema x00pdunam — OOBEKT, MO3BOJISIIOIINI OMUCHIBATH TEOMETPUIECKUN 00b-
€KT aJreOpanvIecKuMU CPeICTBAMA.

YOPAXKHEHUE 1. lanwr Toukn A(2, — 3), B(3,1) u C(—1,5). 3uas, uro ABC' D — napaJsenorpamum,
HAUTW KOOPJWHATHI TOUYKHU D.

—
PEIEHUE. BekTop @ pasen BekTopy BA (BekTOpYy f@ He pasen!). 3HAYUT, €CJIU OTIOKUTH BEKTOD

A .
BA or rouku C, ro nomxydum 1ouky D. Urobbl HANTH KOOPAMHATHI BEKTOPA, BBIYUTAEM KOODIUHATHI

HAYaJIa N3 KOOPAMHAT KOHILA
— 2 3 -1
mi=(%)- (1) - ()

—
YTo0br HAWTH KOOPAUHATHI TOYKU D, mpubaBjseM KOOpAWHATHI BekTopa BA k kKoopauunaram touku C'.
OrBer: D = (—2,1). [ |
MoKHO OBLITO CYUTATH APYTHUM CIOCOOOM: HANTH BEKTOD B(? U OTJIOXKHUTb €ro OT Touku A.

VYHOPAXKHEHUE 2. [laubl touku A(2, — 3), B(3,1) u C(—1,5). Buaga, uro ABC' D — napaJuiesiorpamu,
HaiiTu KoopauHaThl TouKu M — nepecedenus nuaronaneit AC' uw BD.

PEIMEHUE. /lnaroHaau mapajjieiorpaMMa, JeIsTcs TOYKOM TepecedeHHus MOnoaaM. SHAYUT, He0OXO-

JIMMO OTJIOXKHTD 110JI0BUHY BekTopa AC or Touku A

(@B - (3)E)-0)

YOPAXKHEHUE 3. dansl Touku A(2, — 3), B(3,1) u C(—1,5). Haitnure koopauuars: Ttouku E nepece-
veHus Mejuad rpeyrojbiuka ABC.



4 3AHATHE 1. BEKTOPHBI I TEKAPTOBBI KOOP/IMHATEHI

PemEHME. CHagaa HaligeM KoopauHAThl Toukn M — cepenunnl orpeska AB. [lnsg 3Toro mpocto
BO3bMEM IMOIYCYyMMY KOOPJWHAT KOHIIOB OTPE3KA

V(310 ()

Ternepb BCIIOMHUM, YTO TOYKA TIEPECEUEHUS MEIUAH TPEYTOIbHUKA JTEIAT KAXKIYI0 MEIUAHY B OTHOIEHUN
2 : 1, cauras OT BEpUIWHBI. JHAYUT, HAJIO pa3nenuTb orpe3ok C'M B orHoienuu 2 : 1, cauras Oor TOYKH

C
1,20 11\ 2(25\  (4/3
p=goran=3 (303 (%) - ().

OrBet: F = (4/3,1). ]

Boobre, eciut Touka Z menut orpe3ok [X,Y] B orHOmeHun a : b, canras or To9ku X, TO

Z=X+ “b)Y?:XJr © yox)= x4 2y

a+ a+b a+b a+b
Ecyiu npo ToYKy Z M3BECTHO TOJIbKO TO, 4TO OHa JiexkuT Ha orpeske [X,Y], To uucia a u b HEU3BECTHDI.

Torna ynobuee ssectn mapamerp t = -4 € [0,1] n sanucarnp

Z=(1-t)X +tv.

ITpu usmenenun napamerpa t or 0 k 1 Touka Z «mnpoberaers orpesok [X,Y] or rouku X k touke Y.

YTUPAXKHEHUE 4. [lanbl uersipe rouku A(3,— 1), B(—1,6), C(0,5) u D(6,— 8). Haitnure koopauHarbt
rouku I nepecedenust orpeskoB AB u CD.

PEmEHNE. Touka E jexwur na orpeske AB. 3naqur,

E—(1—t)A+tB=(1—1) (_31) +t(_61) _ Gf_‘q)

nst Hekoroporo t € [0,1]. C apyroit croponsi, Touka F nexut Ha otpeske C'D, T.e.

E=(1-s)C+sD=(1-5s) ((5)>+5(_68> - <5—6813s>

Jst Hekoroporo s € [0,1]. TIpupaBHsieM 5TH JiBe 3amicH TOUYKH F ¥ TOIy9IrM CHCTEMY ypaBHEHMIT

3— 4t = 6s At + 65 =3 t=0,3
<~ <
t—1=5—13s Tt+13s =6 s=0,3
IMoucrasnsisa, nanpumep, 3uadenue ¢, naiinem F = (1,8, 1,1).

OrBet: F = (1,8, 1,1). ]
Ecnm paspemmts mapamerpy ¢ B 3ammucu
Z=(1-X+1tY
MEHSTBCA HA BCEH IMCIO0BON OCH, TO TOUKA Z «NPOBEKAT» BCIO MPAMYIO, NPOXOANLYIO Yepe3 TOUKH X u
Y.

VYTUPAXKHEHUE 5. [ansl rouku A(1,3, — 1) u B(—2, — 4,1). Ilepecekaer s npsamas AB ocb Ox?

PEWEHUE. ITycrs C' — Hekoropas Touka npsimoit AB. Torna C = (1—t)A+tB = (1—-3t,3—7t,—1+2t)
ans Hekoroporo ¢ € R. Eciaum morpeboBars monosauTenbHo, 9ro Todka C jexwur Ha ocu Oz, TO ee

KOODJIMHATHI TI0 APYTUM OCSIM JIOJKHBI 00PATUTHCS B HOJb, T.e. 3 — 7t = —1 + 2t = 0, 9TO HEBO3MOXKHO.
Orset: Her. ]

Moxno 3amerurb, 4To J106as npsMas (Ha IUIOCKOCTH UJIM B [POCTPAHCTBE) LPUOOperaeT 3aiuch
(ap + at,by + bt,co + ct) ¢ KaKkuME—TO UUCTAMU ag, by, Co, @, b, ¢ U nepemennbiM napamerpom t € R.



Takoe ypaBHeHWe TPSIMOl HA3BIBAIOT NAPEMEMPUYECKUM, & BEKTOD (a,b,c) HA3BIBAIOT HANPABAAOULUM
6eKMOPOM ITOI Npsamoii. [IBe mpsMble mapajule/IbHbl (UM CBOMAJAIOT) B TOYHOCTH TOTIA, KOTJA y HUX
HAITPAaBJIAIONIAE BEKTOPHI KOJIJIUHEAPHBI.

VIIPAXXHEHUE 6. Hamucarh ypasHeHus KacaTelbHBIX K OKpyzkHocTu 2 + 32 — 120 — 4y + 32 = 0,
[POXO/ISAIIMX Y€Pe3 HAYAIO KOOPJIMHAT.

PEMEHUE. [Ipsamasi, mpoxozsmias gepe3 Havaao KOOpAnHAT, nMeeT ypaBHenne y = kx. Ocraercs Haii-
i 3Ha4enne k. ByneM nckarh OOIIYIO TOUKY HMPSIMOl B OKPY’KHOCTH, T.€. ITOJICTABUM Yy = K& B YPABHEHHUE
okpyxkuOCcTHU. [locste ynpornennii moryauM ypaBHEHHE HA X

(14 k*)2? — (12 + 4k)z + 32 = 0.

D10 ypaBHEHUE MOXKET HE MMEThb pelieHuil (UpsMas U OKPY2KHOCTb He LEPECeKAITCst — HAC ITOT CJLydail
HE WHTEPECYeT), MOKET UMEeTh JBa perieHus (MpsaMas ABJSETCS Jisi OKPYYKHOCTH CEKYIIel — 3TO HaM
TOXKE HE MOJIXOJNT), a MOKET UMETh POBHO OJIHO pelnenue (npsgMas Kacaercs OKpyKuHocTh). Ilociemmmit
Caydail peajan3yercs, eCau AUCKPUMWHAHT KBAIPATHOIO ypaBHeHus paseH Hys0. OTciona u HaxoauM k

1
(12+4k)? =128(1+k*) & k=1uwm k = —=

OrBer: y =2 n Ty = —x. |



SaHdrne 2

I'eomeTpnyeckoe MmecTo TOYEK Ha
IIJIOCKOCTH U B IIPOCTPAHCTBE

ONPEAEJNEHUE 1. [eomempuueckoe mecmo mouex — PpuUrypa, COCTOAMAS W3 BCEX TOUYEK TPOCTPAH-
CTBAa, 00JATAIOMIKUX OMPEIETIEHHBIM CBOMCTBOM, M HE COIEPIKAIIAs HA OIHON TOYKH, He 001aJaf0IIeil STHM
CBOMCTBOM.

Paccvorpum I'MT Ha mmockocTr, 001a1a01IHe IPOCTEAIITUMA 1 HanO0Iee JacTO BBIPAXKAIOTIIUMICS CBOM-
CTBAMHU:

1.

10.

I'MT, orcrosiiux Ha JAHHOM PACCTOSHUH T OT JAHHON TOUku (O, eCTh OKPY2KHOCTH C IEHTPOM B
rouke O pajamyca 1.

I'MT paBHOyJAJIEHHBIX OT ABYX JAHHBIX TO9eK A u B, ecTb NpsMasi, epIeHIuKyIsapHas K OTPEe3Ky
AB u npoxojdIas 9epe3 ero Cepeinmy.

I'MT paBHOyZQ/IEHHBIX OT JIBYX JAHHBIX MEPECEKAIOMMNXCS MPAMBIX, €CTh Mapa B3aWMHO IMEpIIeH-
JUKYJIAPHBIX IPAMBIX, IPOXOJAIINX Yepe3 TOYKY IepecevyeHusd U JeAInX YIVIbl MexXKJ1y JIaHHbIMU
[IPAMBIMU I10IIOJIaM.

I'MT, orcrosiimux Ha OAMHAKOBOM PACCTOSAHHUHU h OT TMPSIMOIi, €CTh JBE MPsIMbIe, TapaJIeTbHbIE dTOMH
NPSAMOI U HAXOJSIIUAECS 110 PA3HbIE CTOPOHBI OT HEE HA JIAHHOM PACCTOSHUH h.

leomeTpudeckoe MeCTO MEHTPOB OKPYKHOCTEH, KACAIOMINXCA JAHHOW MPsSAMOM m B JaHHON Ha Heit
rouke M, ecrb nepuenaukyasp Kk AB B rouke M (kpome Touku M).

[leomeTprudeckoe MeCTO MEHTPOB OKPYXKHOCTEH, KACAIOMIUXCs TAHHON OKPYKHOCTH B TAHHON Ha Hell
ouke M, ecrb npsimMasi, IPOXOAsIIas Yepe3 TouKy M u LEeHTD JaHHO# OKPYKHOCTH (KPOME TOYEK

M u O).

I'MT, u3 KOTOPBIX JAHHBIA OTPE30K BHUIEH MO JAHHBIM YIJIOM, COCTABJISIET [IBE AYTU OKPYZKHOCTEM,
OIIUCAHHBIX HA JJAHHOM OTPE3Ke U BMeIaloNIuX JaHHbIi yIoJl.

I'MT, paccTosnuss OT KOTOPBIX J0 ABYX JAHHBIX To9eK A n B HaXONATCA B OTHOIIEHUH 1M : 7, €CTh
OKPY2KHOCTH (Ha3bIlBaeMasi OKPYKHOCTHIO AIOJIIIOHUS).

leomerpudeckoe MecTo cepenuH XOPJ, MPOBEAEHHBIX U3 OMHON TOYKH OKPYKHOCTH, €CTh OKPYXK-
HOCTb, IIOCTPOEHHAA Ha OTPE3KE, COeJUHAIONIEM JAHHYIO TOYKY C IIEHTPOM JAHHON OKPYKHOCTH,
KakK Ha JuaMerpe.

leomerpudeckoe MeCTO BEPIIWH TPEYTOJIHbHUKOB PABHOBEIUKUX JAHHOMY U MMEIOIIUX ODIIee OCHO-
BaHue, COCTaBJIdeT JiBe IIpAMble, 1apaJljie/bHble OCHOBAHUIO U IIPOXO/IAIINe Yepe3 BePIIuHY JaHHOI'O
TPEYTOJIbHUKA W MYy CUMMETPUIHOTO OTHOCUTEIHLHO MPAMO, cofieprKalleii OCHOBaHMeE.

VYHPAXKHEHUE 1. Haiigure reomerpuueckoe mecro TOYeK, paBHOyuajenHbix or todek A(0,3) u
B(2,-1).



PEMEHWE. ITycrs Touka C(z,y) pasHoynanena ot A u B. Torma

|AC| = /22 + (y — 3)2 = |BC| = /(. — 2)2 + (y + 1)2.

Boszeoaum B xBajgpaT u ymportaem. [lomydaem paBeHcTBO

r—2y=—1.
Kak u ce10Bano 0:KumaTh, MOIYyIHIIOCH ypaBHEHHE IPAMOil. VITak, reOMeTprIecKoe MeCTO TOUEeK, PABHO-
yaameHubix ot A u B — 910 Bee Toukn C(x,y), KOODANHATHI KOTOPHIX CBS3aHBI PABEHCTBOM & — 2y = —1.
OtsBer: Ilpavas x — 2y = —1. |

VYHOPAXKHEHUE 2. Haiigure reomerpudueckoe Mecro To4uek, KOTopbie B 2 pasda Ouuxke K Touke A(0,3),
4yeMm K Touke B(2, —1).

PEWmEHME. ITycrs Touka C(x,y) B 2 pa3a Gamxke K Touke A, yem k Touke B. Torna

|IBO| = /(z —2)2+ (y+ 1)2 =2|AC| =2\/22 + (y — 3)2 = .
Boseoaum B kBazpar u ympomaewm. [Tomyaaem paBeHcTBO
322 + 4z + 3y* — 26y + 31 = 0.

I/IJII/I, €CJIN BBIJEJIUTH IIOJIHBIE KBaJApPaThl

e 2) (13 %0
3 Y73) T

2 2
OtBet: OKpyKHOCTH (x + %) + (y — 13—3) = 89—0. IIycrs panbt aBe Touku A u B. [eomerpudeckoe mecto

rouek C, mia KoTopbix cymma paccrosuauii |AC| + |BC| mocrosiana, Ha3pBAIOT dasuncom. [Ipu srom,
ecan koucranTa |AC| + |BC| MenbIne, ueM minHa orpeska |AB|, To smmnc okassiBaercs nycrbiM. M

[Tonyunnach OKpPyKHOCTb.

VYruprPaAXXHEHUE 3. Ilycre A = (0,3), a B = (3,7). Haiinure reomerpuueckoe mecro touek C', jjisi
koropeix |AC| + |BC| = 5.

PEMEHUE. 3amernym, 4ro |AB| = v/32 4+ 42 = 5. B tpeyroasanke ABC' cymma cropon |AC| + |BC|
HE MOXKET DABHATCA TPeTheii cTropone. 3uaunt, Touka C nexur Ha npamoil AB. Eme nemuoro nogymas,
HOHMMAEM, 9YTO JIEKATh OHA JIOJIZKHA MKy ToukaMu A u B, T.e. HCKOMOE reOMETPHIECKOe MECTO TOYEK
— orpe3ok [A,B] (3/uIcs BBIPOIUIICS B OTPE30K ).
MoxHo pemars «dectHOs. [Tonoxkum C = (x,y). Torma

V2 + (=32 +/(x — 32 + (y — 7)2 = 25.

[Iepenecem mepBbIii KOPEHDb B MPABYIO YaCTh, BO3BEIEM B KBaJIPaT, YITPOCTUM, €ITe Pa3 BO3BEJEM B KBaJI-
par, yOpoCTHUM U MOJIy9uM ypasHenue npsmoit AB. Ilpu 3ToM yC/IOBUS HA OJMHAKOBOCTH 3HAKA MPABBIX
U JIEBBIX YacTell ypaBHEHUsl [IPU BO3BEJIEHUs B KBAAPAT, O'PAHUYAT OTBET 10 orpe3ka [A,B]. |

VYOPAXKHEHUE 4. [anot toukn A(1,—3), B(4,—1) u C(—1,3). HaitauTe reoMeTpuIecKoe MECTO TOIEK
X, nns koropeix |[AX |2+ |BX |2 = |CX|%

PewmwEeHUE. IIycrs X = (2,y). Toraa
(z—12+@w+3)?+@-4*+y+1)2=@+1)2+@w-32% < (z-6)>+ (y+7)? =68.

3HAYUT, HCKOMOE MeOMETPUIECKOE MECTO TOYEK — OKPYIKHOCTbD. |

VIPAXKHEHUE 5. Haiitn reomerpuueckoe mecto Todex C, 1jist KOTOpbIX anuHa otpeska |AC/|, rie
A = (—3,3), paBHa JJEHEe KacaTeIbHOi, poBeienHoi n3 Toukn C' K oKpyKHoCTH 12 +14% —62—6y+14 = 0.

PEIIEHUE. 3anumeM ypasHenue okpyzkuoct B suje (v — 3)? + (y — 3)2 = 4. Bumum, 4to ee meHTp
Haxoaurcs B rouke B(3,3), a paguyc pasen 1 = 2. [Iposenem cekyuyio C'B. Ona uepeceder 0Kpy2KHOCTb



83AHATHE 2. TEOMETPUYECKOE MECTO TOYEK HA IIVIOCKOCTH U B IIPOCTPAHCTBE

B Kakux-10 Toukax M m N, npuuem |[CM| = |CB| —r, a |CN| = |CB| + r. Tlo meopeme o ammnne
KacaTeJIbHON M CeKylneil, KBaIpaT JIMHBI KacaTebHoil pasen npousseennio |CM| - |CN| = |CBJ? —r2.
Torna ycnosue 3anaun umeer sus |AC|? = |OB|? — r2. Honoxum C = (z,y),

(x+3)2+(y73)2:(x*3)2+(y*3)2*4®x:*%.

OTBeT: UCKOMOE MECTO TOYEK — TIpsiMasi ¢ ypaBuenuneMm 3z + 1 = 0. |

B mnocieneii 3a7ade MbI IPHILIA K BOMpocy 0 Todkax (', JJis KOTOPHIX Pa3HOCTh KBaJIPATOB PaCc-
croauuii |CB|? — |C A|> nocrosuna. Teomerpuueckoe MeCTO TOYEK, Jist KOTOPBIX MOCTOSHHA PA3HOCTD
|CB| — |CA|, nazbiBaercs 2unepboaoti. Tounee, 3T0 yciaoBue OnUChbIBaeT OAHY BeTBb ruiepbosbl. Bes ru-
nepbo/a — 310 reomerpudeckoe mecro rouek C, a1 KOTopbix nocroguua senuuauna ||CB| — |CA||. Ilpu
3TOM TOYKN A n B Ha3wbIBAIOT (okycamu TUnepOoIh.

YHOPAXKHEHUE 6. Haiinure dokycer runepbonnt y = 1/x.

PEMEHME. B cuny cuMMeTpun OTHOCHTEILHO HAYAIA KOOPAUHAT M CHMMETPHH OTHOCHTEIBHO IPSIMOIi
y = x, dokycsl goskubl umers Bug A = (a,a) u B = (—a, — a) ays wekoroporo a > 0. IMonyuaem
yPaBHEHUE TUrepOOoIIhI

Ve =aP+(y—a? - Ve +a? +y+a?| =c

[Tepernocum BTOpOiT KOpEHb B MPABYIO 9aCTh W BO3BOIUM B KBaPaT

2

+e/(z+a)? + (y + a)? = —2azx — 2ay — %

Eme pa3 Bo3Bogum B KBaAPaT U yIpOIIaeM

4
c
A(x? + %) + 2022 = 4a?(2? + y?) + 8a’xy + T

s Toro, 4Tobbl COKpaTHTh ciaraemble x> + y2, momokum 4a’ = ¢?. Torga ypaBHeHme IIPEMET BHIL
2

TY = %, OTKyJa a = V2.

Otser: dokycsr naxoaarcs B Toukax A(v2,1/2) u B(—v/2, — /2). [ ]



3aHggarue 3

Ilonagapubie, cdhepudeckue n
IUJIINHIPUYECKEe KOOPAMHATHI

VOPAXKHEHUE 1. B nonapubix koopaurarax jganel Touxn A(3,7/3) u B(3/3/2, — /6). Haitaure mo-
JISPHBIE KOOpAUHATHL TOYKU C', OJIy9eHHOH CHMMETPUYHBIM OTPAa’K€HHEM TOYKH A OTHOCHTEIBHO TOYKH

B.

PemeHuE. Ilo onpenenennio nerpaiabuoit cummMerpun C = B + 1@ = 2B — A. Tlepeitnem K gexapTo-
BBIM KOOPJMHATAM C ITOMOIIHIO PABEHCTB
T = T1COosp,
Yy = rsinp.

Torna
™ . (T 3 3V3 3v3 ™ 3V3  /ow 9  3V3
A= (3005 (g) ,3sin (§)> = (2,2 ) , B= (2 cos <_6> 5 sin <_6)> = <4, -
Orcrona
C= (3, - 3\/5) 10 =027 =6, tg(argC)= —?,
T.e. B TOJSAPHBIX Koopaunarax C = (6, — m/3). [ ]

VYHOPAXKHEHUE 2. Bce T09KH IJIOCKOCTH HOBEPHY/IN OTHOCHTEILHO Hadasa KOOPAUHAT Ha yroix —27/3,
a 3arem capunynu Ha Bextop (1,2). Haifinure nexaproser koopaunars o6pas3a Touku A, ecim n3BeCTHBI
ee noJspHble Koopaunarel A = (2,7/6).

PEIMIEHUE. IIoBOPOT yZI00HO OCYIIECTBISATE B MOJISIPHBIX KOOPMHATAX: TIOCJIE TOBOPOTA TTOJIY UM TOY-

Ky A" = (2,1/6—27/3) = (2,—7/2). CuBur yI106HO BEIYHUCIAATH B IEKAPTOBBIX KOOPAMHATAX. B 9THX KOOD-

quHatax A’ = (2 cos(—n/2),2sin(—n/2)) = (0, — 2). Ilocne capura nonyanm A” = (0, —2) + (1,2) = (1,0)

B JIEKAPTOBBIX KOODIMHATAX. ]

VnPAXKHEHUE 3. Hanucarp ypasnenme npamoil r = 7(p) B IOIAPHBIX KOOPJMHATAX, €C/AH B JAEKAP-
r=1-2t

TOBBIX KOOD/IMHATaX 3Ta IpaAMad 3a/aHa IapaMeTPUIeCcKu { 1+ ,teR.
y=1-=

PEIMEHUE. Buipaszum t = 1—y u moayunmM ypaBHeHne mpaMoit £ = —142y B IeKapTOBBIX KOOPIMHATAX.
Teneps caenaeM MOJAPHYIO 3aMEHY W HMOJIYINM

1

rcosp =—142rsing & r= m



10 SAHATHE 3. IIOJIAPHBIE, COEPUYECKHUE U ITNJIJINHAPHYECKHE KOOPJUHATBI

N3 ycnoBus MOJIOXKUTEIHLHOCTH BEIWYUHLI 1 BBIBOAWM 00JaCTh ONpeAeTIeHUa 3Toi  (byHKIUN
© € (arcctg 2,7 + arcctg 2). [ |

VYOPAXKHEHUE 4. Kaxyio KpuByio 3a/jaeT ypaBHEHHE I = Sin (¢ B MOJSPHBIX KOOPJAUHATAX !

PEMEHUE. ockombky r > 0, 10 ¢ € [0,7]. B Bepxmell momymiockocTn ymo6HO MEPeXoauTh K JeKap-
TOBBIM KOOpJAMHATAM ¢ HOMOIIbI0 dopmyrn r = y/x? + y2, ¢ = arcctg(z/y). Ho urobbl He BcrioMuHaTh

TpUrOHOMeTpHIeCKyt0 GopMyy sin(arcctga) = ..., JOMHOXKUM HaIle ypaBHeHHE Ha 7. [lomyanm
2 : 2., .2 2 Lo 1
r =rsihnp & 2°+y =y S —|—(y—§) =71
IMonyuunack okpyxHuocTs ¢ tearpoM B (0,1/2) u paguycom 1/2. |

VIIPAXKHEHUE 5. 3anumure ypasuenue cepbt 2 + y? + 22 = 1 B IMIMHAPUYECKIX KOODIMHATAX.

T =1CoS P,
PewmEeHUE. ITo dopmysnam nepexoga  y = rsiny, , rue ¢ € [—7,7), HAXOAUM yDaBHEHUE
2=z

r? 422 =1.
[ |

YOPAXKHEHUE 6. [lanwbl age Touku A = (1,0,7/4) u B = (2,7, — 7/4), 3anannbe B cepuaeckoil
cucreme Koopamuar. Haitnnre cdeprdeckne KoopamHaThl cepeanHbl oTpeska [A,B].
x =rcospcosh,
PEMEHKE. ITo dopmynam mepexona { y = rsinpcosf, ,rme ¢ € [—m,nm), § € [—7/2,m/2], Haxomum
z =rsinf
JeKapToBbl KoopauHaTel Touek A = (1/2/2,0,7/2/2) u B = (—v/2,0, — v/2). Torma cepeauna oTpeska
umeer Jiekaprosbl Koopaunarel M = (—+/2/4,0, — 1/2/4). Haiizem ee chepuyecKue KOOPIMHATDL:

1 z
r=va2+2+2 == topo=y/r=0, tgf=—__ —_1.
Va+y 5 v =y/ , tg N
Torma 0 = —x/4, a nna ¢ wMeem 1Ba BapuaHTa: @ = —7 wim ¢ = 0. IIoCKOJBKY 3HAK KOODJAMHA-
ThI & COBITQJAET CO 3HAKOM COs @, TO cosyp < 0, Te. o = —m. WUrak, B cdhepudeckux KOOPAMHATAX

M= (1/2,— 7, —w/4). [ |



Saxpgarue 4

Jluneiinble 1 apuHHBbIE CUCTEMbI
KOOPJAWHAT

VYOPAXKHEHME 1. Haiizmre koopammarsl BekTopa @ = (2,3) B Jmmeiinom Gasmce e = (1,1),

€3 = (—2,1) (uCXOAHbIC KOOPIMHATEl — CTAHJAPTHBIEC JCKAPTOBDI).

- _ ==
PEmEHUE. Heobxoaumo nojtyuuTh pasjioxkenue d = xej + yes (Yucia & u y U ecTb UCKOMbIE KOOD-
nuHaThl B 3a1aHH0M Gasuce). [lonyyaem cucremy ypaBHeHuit

2=x—2y, T =2+ 2y, N T =
3=z +vy, 3=2+42y+y, y =

Wl wloo

VIPAXHEHUE 2. [Ipu Kakux 3Hadenusx napamerpa A € R BeKTOpbI €] = (AL, — 1), e = (0,1,2),
et = (1,0,)\) obpasyior 6asuc B mpocrpancTse R*? (HCX0IHbIe KOOPAUHATE — CTAHJIAPTHBIE JEKAPTOBLI).

o —
PEMmEHUE. Cucrema siBiisiercst 6a3ucoM, €Cjiu IPOU3BOJIbHBINA BeKTOp d = (&,Y,2) MOXKHO €JMHCTBEH-
. — — —
HBIM 0OpPA30M PAa3JIOKHUTh B JIMHEHHYIO0 KOMOMHAIIMIO o = ci1ei + C2€5 + cges. s momydenus: Takoro
PAa3JIOKEHUsT HEOOXOAUMO PEIUTh CHCTEMY

Acr +0-co+c3 =x,
1+ Acx+0-¢c3 =y,
—c1 + 2¢9 + Acg = 2.

Cucrema JIMHEHHDBIX ypaBHEHHE pa3Mepa 3 X 3 mMeeT eJUHCTBEHHOE peleHue i 000l IpaBoiil yacTtu
TOIJIa U TOJIbKO TOLJIa, KOIJla OTJIMYEeH OT HYJId €€ OllpejesiuTellb

A0 1
1 X0
-1 2 A
(cM. IOKA3aTENHCTBO ITOTO YTBEPIKICHUSA B Kypce anreOpsnl). [IpupaBHaeM 3TOT ONpeAeuTe b K HY/I0 1

MOJIy4YAM ypPaBHEHHE
Mi24A=0A+1)N-A+2)=0c 1= —1.

— = —
Otser: cucrema {eq,e3,e3} Apasercs 6azucom B R3 mpu Beex A, kpome A = —1. |

Ouesmano, 4TO Gasuc e = (1,0,0), e = (0,1,0), e = (0,0,1) 3amaer KaccuYecKne JEeKapTOBBI
KOOpJAuHATaMHU. HO AHAJIOTUU C KJIACCUYECKUM C.quaeM, OpdaMbI€, BBIXOAAINIHWE W3 Ha4YaJla KOOPJIHHAT
C HAIPABJAOINUIMU BEKTOPAMU e_j), Ha3BIBAIOT KOOPAMHATHLIMU OCAMH. [j1sT MPOM3BOIBHOTO BEKTOPA
@ = 1] +yes + ze4 BEKTOp €] HA3BIBAIOT MPOEKIHeil @ HA NEPBYIO KOOPAMHATHYIO OCh U T.J1. BekTop
xe—1> + ye—2> Ha3bIBAIOT [IPOEKIMEN Ha KOOPAUHATHYIO 11J10CKOCTh Oejes U T,

11



12 BAHSTHUE 4. JIMHEUHBIE I AOUHHBIE CUCTEMBI KOOPJTUHAT

YHNPAXXHEHUE 3. HaiiguTe mpoeKInio BeKTopa, q = (1,3, — 1) HA KOOPAMHATHYIO MIOCKOCTh Oeges B

6asuce ¢ = (2,1, — 1), &3 = (0,2,2), & = (1,0,2).

PEMEHUE. Pazmoxum BEeKTOD d o TOMYy Oa3ucy

20 +z =1, z=1-2zx, z=-1,
x+2y =3, Sqy=3/2—1z/2, Sy=1,
—x+2y+ 2z = -1, —z+3—-—x+2—-4x=—1, T =

Toraa uckomasi TPOEKITUsT PABHA,
0 1 -1
y% + Ze—g> =12]—-(0)=1{ 2
2 2 0

IIpoBepka: ecim BCe OBLIO HANIEHO BEPHO, TO PA3HOCTH MEMKIY MCXOAHBIM BEKTOPOM W €r0 TPOEKITHeit
JIO/I’KHA OBITH KOJIJIMHEAPHA BEKTOPY €1

1 -1 2

3 1-12])=11]=ze, rtmez=1.

-1 0 -1

Juist jiuHeRHbIX KOODAMHAT HAaYasioM orcyera Beeraa spasercs touka O = (0,0,0). Eciu mbl xorum
LOMECTUTh Hadau1o orcuyera B 109Ky O = (0,Y0,20), TO K JMHEHAHbIM KOMOMHAIMAM JOOABIIAETCH BEKTOD

capura (2o,Y0,20)-

VIIPAKHEHHME 4. Adunnas cucrema koopaunar B R? sajana touxoit orcuera O = (2,1) u 6asucom
e = (1,0), e = (—1,1) (koopAMHATHI BCEX ITHUX BEKTOPOB B3SITHI B OOBIYHON 1eKapToBOil cucremve). B
HOBOI cucreme Koopaunar Oejes naubl ase Touku A = (1,2) u B(4, — 2). Haiinure miuny orpeska AB.

PEIEHUE. TlepecunTaem Touku A 1 B B CTAaHIAPTHBIX JEKAPTOBBIX KOOPIHUHATAX.

A=0+1 ¢ +2e = G)+(é>+2(‘f) = (;)
sovit-si- () () + () - (3)

|AB| = /(8 — 1)2+ (-1 — 3)2 = V/65.

O6parure BHEMaHUe, 9T0 (HOPMysna s PACCTOAHUSA MeXKJy TOYKaMu B cucreMe KoopauHar Oejes He
paboraer: |AB| # /(4 —1)2 + (=2 — 2)2 = 5. 910 o3HAUAET, YTO UPH JUHEHHBIX U aDUHHBIX 3aMeHAX
KOODJIMHAT METPUYECKHE Pa3Mephl (JIJIMHBI OTPE3KOB, TUIOMAIN, OOheMbI U T.JI.) MOTYT MEHAThCs! [ |

Torua

YOPAXKHEHUE 5. B ycioBusix npenpiayineil 3agaqu Halijure KOOPAUHATHI cepeauHbl oTpeska [A,B]
B cucreMe koopauuaat Oeqes.

PEMEHNME. Ilepecuntaem toukn A u B B cranmapTHbix koopanuarax A = (1,3), B = (8, — 1). Torma
cepelyHa OTpe3Ka uMmeer KoopauHarsl C = A%B = (9/2, 1). TlepeBesieM 3TOT BEKTOpP B HOBYIO CHCTEMY
koopawHaT. 3amnuiiem passoxkenne C = O + xei + yes u HaAlIEM YUCTA T U Y

x—y=>5/2, - x=>5/2,
y =0, y=0.

Uraxk, koopaunarsl cepepuubl orpeska B cucreme Oeqes pasubl C' = (5/2,0). Obparure BHuUMaHue, 4T0 TOT
2K€ OTBET MOXKHO ObLIO IOy YHTh ropa3 o npoire. He nepexois K 1eKapTOBbIM KOOPIMHATAM ¥ 0OPATHO,

o454+ 1(4)- ()
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Bce aunetinvie cOOMHOWERUA MEHCIY BEKMOPAMU COLPGHAIOMCA NPU neperode u3 0dHotl apurnotl cu-
cmembl Koopdunam 6 dpyayo. |

Isyx BekTOpoB B R?, KOHEUHO, HE JOCTATOYHO AJIS TOTO, UYTOOEI BBECTH HOBBIE JTHHEHHDLIC KOOPIHHATEL.
[Mokaxkem, uro acdunnas cucrema koopaunar O'ejey B npocrpancrse R? mopoxiaer miocKocTb.

YOPAXKHEHUE 6. ITycrs O = (0,0,0) — navamo xkoopauHat, O’ — MpON3BOIbHAST TOYKA, A e ues —

JIBa IPOM3BOJILHBIX He KOJLIMHeapHbIX BekTopa B R, Jlokaxkure, 4TO BEKTOD 013 MOZKHO IIDEJICTABUTDH B
BUJIE
B G = =
@) =00 +creq1 + caeg
TOrJIA U TOJIBKO TOI/IA, KOrJAa TOYKA D JIEZKHUT B IJTIOCKOCTH, MOPOZKIAEMON IAPOH IEPECEKAIOTIUXCS IPsi-

Mbix O'Bu O'C,rie B=0'+¢;,C =0 +¢.

PEIIEHUE. Ilycrs @ = O—>O’ + cle_l> + 026_2> JIJIsT HEKOTOPBIX ¢ | ¢o. O6o3maunm B’ = O’ + cle_l> n
C’ = O'+cye5. Touka B’ nexxur na upamoit O’ B, a Touka C' — na upamoit O'C. OBG03HAUUM LI0CKOCTD,
MOPOKICHAYIO STUMW TIpAMBIMH, depe3 7. Touka M = O’ + %e—f + %26—2> — cepeanHa orpeska [B’,C’]
gexut B 7. Ho Torma B 7 JIe:KUT U TOUKA D, TTOCKOTBKY

—
D=0 +ciei +coes =0 +2AM,

T.e. D nexxut Ha npamoit O’ M.

O6parno. Ilycts Touku O', B, C m D nexar B ompoii minockocrtu. Torma npambie O'D u BC nn-
00 mepecekaroTcs, IUOO MapaJsieababl. B mepBom ciaydae ormerum Touky M ux mepecedenusi. meem
D = (1 —-t)O +tM nns mekoroporo t € R. C mpyroit croporsl, M = (1 — 8)B + sC 1y HEKOTOPOTO
s € R. Iloncrasasas, momyIImM

D=(1—-1t)0" +t(1—s)B+1tsC =0 +1t(1—s)ej +tses.
oy
Bo Bropom cryaae O'D = k:B_(j’, OTKYy/1a

—
D=A+0D=0+kBC=0" +kB—kC =0 +kO +2)—kO +&) =0 +ke| —kes.



3aHdTue 5

CxkaJjisipHoe IIpou3BeJeHne

ﬁ
VYOPAXKHEHUE 1. Bekropst dub = (1,3) uepnenukysspubl. Haitnure 7, ecsiu |7| =2.
PENIEHHUE. N
@ L b s (ah)=0.

Mycts @ = (z,y). Torma x + 3y = 0, T.e. BEKTOD @ KommMHeapeHn BekTOpy (3, — 1). Ocraercst TOIBKO

. —
YMHOXKUTBH ITOT BEKTOP Ha noaxoigaimii koadgdunuent. Ilockonbky | d | = +/10, To

4=a+y" =9 + 47,

T.e. 6o @ = (—\/%7\/%),JII/I6OE>: (\/%,—\/%) |
3amerbTe, 9TO B KA4eCTBe TMEPIEHANKY/IApa K 33JaHHOMY BEKTODY (Z,y) BCETJa MOYKHO B3STh BEKTOD
(y, — ).
VYOPAXKHEHUE 2. Wssectno, uro A = (—1,1), B = (1,—3), |AC| = | BC| = v/10. HaiimuTe ckaxsapHoe
TPOM3BeIEHNE BEKTOPOB 1@ u B
PEMEHUE. ITepBsrii cocob. Buauaste waiinem koopanuanTsl Touku C. Ona paBuoygateHa or A u B,
a 3HAYUT JIEKNUT HA CepeIMHHOM TepIeH K ysipe orpe3ka [A, B]. Haiizem cepennny orpeska M = (0,—1),

Hajfizem BekTop AB = (2,—4), HaiiieM NepIeHIuKyIsip K HeMy q = (4,2). YMHOXKWMM €ro Ha HEM3BECTHBIH
MOKa KOI(PPUITMEHT W OTIIOKHUM OT TOIKU M

B - 4k
C=M+kd _<1+2k>'

Haiinem nnuny orpeska AC

1
10 = |AC)? = (4k+1)* + (-2 +2k)* = k = +5.
Nrak, mbo C = (2,0), JII/I6O C ( 2,—2). B HepBOM ciydae AC = -1), BC = (1,3), (ﬁ,@) =
Bo Bropom ciyuae A B? (AC,BC)=0.B JIIO6OM caydae, oreer 0.

Bropoii cnocob. Haﬁ/:geM ;LJH/IHy |AB| \/4 —|— 16 = +/20. Ilo Teopeme KocunycoB B Tpeyrojbunke ABC
|AB|*> = |AC|? + |BC|* — 2|AB||BC]| cos,

rae v — yron mexay croponamn AC u BC. Tloxcrapiss ciofa maHHbIe 33Ja9d, BUANM, UTO ¥ = 7/2.
Torma
(A(i,B()) = (C’A,BE%) = |AC| - |BC|cosy = 0.

14
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YOrPAXKHEHUE 3. Haiimure Touky H mepeceveHns BbICOT TpeyrombHuka ¢ BeprumHamn A(1,2, — 1),
B(-2,2,3), C(0, — 2,5).
Prisnue. Hafinewm sexropst AB = (—3,0,4), BC = (2, — 4.2) u AC' = (—1, — 4,6). Tlycts AK —
—
BBICOTA TPEyrojbHuKa. Bekrop AK JIeKUT B MJIOCKOCTH, NOPOXKgaemMoit Bekropamu AC' u AB, 3HauuT OH
SABJISIETCs JTUHEHHON KOMOMHAIE STHX BEKTOPOB

-3z —y
—
AK = xzﬁ + yzﬁ = —4y
4x + 6y
Kpowme Toro, 3T0T BEKTOP MEPNEHINKYIAPEH B?, T.Ce.
. 38y
2(=3z—y)+ 16y + 24z +6y) =0z = —13y, AK = | —4y
—46y
—
Beqmwuwny y wckars we OymemMm — BCe pPaBHO ﬁ = kAK c¢ memspectoeimM k. Torma

H = A+ kAK = (1 +19¢,2 — 2t, — 1 — 23t), rue t = 2ky. Ocraercd ydecrb, 4To B? 1 AC (rpe-
Thsl BbICOTA aBTOMATHYECKH 1poiaem depe3 Touky H). Urak,

3+ 19¢t

27
BH=| -2t |, (BHAC)=0& 319t +8— 24— 138t =0&t= ——.
149
4 93¢
Otser H = 135 (—91,88,118). [ |

IIycts B R? mama miockKocTh m W TouKa, A, He jexammas B 9Toi miockoctu. Touka B aToit miocko-
CTH, JIJIsi KOTOPO#i paccrosiHue |AB| MUHUMAJIBHO, HA3BIBAETCS 0PMO2OHAALHOU NpoeKyuelt TOYKN A Ha
ITOCKOCTD 7. Takas TOYKa CyIecTBYeT W €IMHCTBEHHA.

VYIPAYKHEHUE 4. Jlokaxkurte, 9TO ecau B —opToroHajbHas MpoeKIms ToYKn A Ha, MJI0CKOCTH T, TO
BEKTOp ADB NeprneHIuKyIsapeH .

PEmMEHKME. HaMm Haumo nokasarb, 4ro upsaMas AB nepueHauky/isipHa J000i LIpsMOi, Jiexkameil B
MJIOCKOCTU 71 W TPOXofsieil uepe3 Touky B, t.e. utro AB | AC pns mwoboit touku C € 7, C # B.
Bossmem mpousBosibayto Touky D #Ha mpsimoit BC. Torna D = B + tBif ans Hekotoporo t € R. Haitmem
paccrosHue

|AD|? = (AD,AD) = |AB|? + 2t(AB,BC) + t2|BCP2.
O6o3naunm a = |[BC|? >0, b= (ﬁ,B?), ¢ = |ABJ|? > 0. BieuM no/Hblil KBagpar

2 2
|AD|2:a<t+b> +c—b—
a a

2 2
u BcomuuM, uro |AD| > |AB|, re. a(t+ g) +c— % > c upu Beex t. B3gs t = fg, npugeM K
2
HEPABEHCTBY f% > 0, uTo BO3MOKHO TOJIBKO pu b = 0. ]

YOPAXKHEHUE 5. Ilycrs mumockocrs 7 mopoxkaena Toukoit O = (1,0,1) u BekTOopamMn e = (0,1,1) m
e = (1,1,0) (cm. 3amaay . Haa rouku A = (0,0,1) maiiaure opronpoekiuio A Ha m, paccrosaue or A

[0 T U yroa Mexkay BekTopoM O’ A u mIoCKOCTHIO 7.

PEIIEHUE. Mbl yzke 3HaeM, 4T0 115l HIOMCKA [IPOEKLUH LOJIE3HO HAMITH BEKTOP 71, LEPIIeH 1Ky 15 pHbLl
MJIOCKOCTH T (€T0 HA3BIBAIOT HOPMAABI0 K TIJIOKOCTH). 110 TeopeMe 0 Tpex MepleHIuKYIsIpax, JOCTATOTHO
=S = = = —
norpeboBars nepreraukyasapaocru 1 L ej u w L es. llycrs n = (z,y,z), TOorga

(ﬁae_f):(l y+Z:O7 =Y,
- — = =
(na62):07 r+y=0, =



16 3AHATHE 5. CKAJIAPHOE IIPOU3BE/IEHUE

Te. W = (—y,y, — y). OTIOXRUM 3TOT BEKTOp OT TOYKM A m mombepeM y Tak, 4ToORr Touka B = A + w
nomnazna B IUIOKOCTh 7T — 9Ta TOYKa n Oymer mckomoii oprompoekmmeii. Cormacno samate @] B € 7 B
TOYHOCTH TOTA, KOTIa,

—
(ﬁ = OO/ + 616_1> + CQ€_2>.

B KOOpAnHATAaX 3TO PABEHCTBO BbIIVIAAUT TaK

—y =1+ co, co=—-1-—y, y=—-2/3,
y=ci+c, ©ca=-1-y, &<c=-1/3
—y=1+4a, y=—2-2y, cp =—1/3.

Ms! Hamtn opronpoexmuio B = A + 7 = (2/3, — 2/3,5/3). Paccrosmue o1 A 10 T — 9TO AnmHA OT-

peska |AB| = |ﬁ>| = QT*/g Tpeyronbauk ABO’ npamoyronbabiii. 3Ha4uT yroa Mexay Bekropom O'A u
— —

IJTOCKOCTBIO 7, paBHbIil yruy mexay O'A u O'B (0603Ha9uM €r0 ), MOXKHO HAUTH Tak

AB| 2v3 . 2V3

1:

sm’y=|AO/|_ 3 3

|
VYOPAXKHEHUE 6. Haiigure nanpasnsgonuii Bekrop Ouccekrpucht yria ABC B TpeyrojbHUKe
A=(10,1), B=(1,1,1),C = (-1,-1,0).

=
PemeHUE. Ilepssrit cnoco6. Haitiem BA = (0,—1,0), B? = (—2,—2,—1). O603HaINM HEM3BECTHBIH
BEKTOP q = (z,y,2). Illycrb @ — yroa mexuy Ei u . Toraa

—
cosa = ﬁ(BA’ﬁ)
~|BA|-[d|

Ananoruuno
(BC, @)

COSQ = ———— .
|BC|-|d|
[IpupaBusiem 3Tu APOOH U MOJYINM

—2x —2y—=z
_y:73y S2r—y+2z2=0.
— 5 —(}
Tenepb BCIIOMHUM eIlle, YTO OMCCEKTPHUCA, JOJIXKHA JexKarh B miockocru ABC, t.e. d = ¢iBA + ¢coBC.
Torna

T = —2co,
Yy=—C — 202a
Z = —Ca.

IloacraBum sTH paBeHcTBa B ypasHenue 2x —y + 2z = 0 u nomydum ¢; = 3cs. [Ipo pajuny Hanpasigiomero
BEKTOpPA B YCJIOBUHM HUYETO HE CKA3AHO. JHAYWUT, MOYKEM BHIODATH OCTABITIEECS HEM3BECTHOE Co TIPOM3BOIh-
no. Ilyers ¢p = 1. Torna ¢; = 3, ¢ = —2, y = —5, 2 = —1. Vckombiii Bektop @ = (—2, — 5, — 1).

Bropoii cioco6. BecmomauM mpo cBOMCTBO OMCCEKTPHUCHI TPEYTOIBHUKA, TETUTH TPOTHBOIOIOXKHYTO CTO-
POHY Ha OTPE3KH, [PONOPLKMOHAIbHbIE BOKOBbIM cropoHam. Haiinem miunbl 60KoBbIX cropon |BA| = 1,
|BC| = 3. 3nauur, neobxoqumo pasaemurb orpe3ok [A,C] B oruowennu 1 : 3 cuurag or sBepmubl A.

Cormnacuo 3amade [1]
3 1 1
M="A+-C=-(2-13).
4 4 4( )
. af 1
Bnaunr, uckomptii sekrop BM = 3(—2, — 5, — 1). C rounocrsio 10 k03bduUIMenTa, HoIyIuin TOT 2Ke
OTBET, YTO U B TIEPBOM DEITIEHWH. |



Saggarue 6

BekTopHoe n cMmenianHoe
IIPpOU3BeJIcHNEe, OPUEHTAIS

VYruprPAXXHEHUE 1. Haiinure mnomans rpeyronsuuka ABC, ecom A = (1,3), B = (=2, — 1) u
C=(4,-3).

PEMIEHUE. [lomumeM TpeThio KOOpauHATY (PaBHYIO HYJIO s Kaxkaoi Touku). HafimeMm BeKTOpBI
—
BA=(3,4,0)un BC = (6, — 2,0). Teuepp HailneM BEKTOPHOE LPOU3BEAECHUE

i j k
—
BABC) =3 4 o0 =-30k
6 -2 0
3HAYNAT, UCKOMAas TIIOIIAIh PaBHA 15. |

- =
IMycts @ m b — ABa HEKOLTMHEAPHBIX BEKTOPA HA MIOCKOCTU. OTIOKUM /1BA 3THX BEKTOPA OT TOUKH
O — nosydum JBa yria Ha 110cKocTy (OfUMH U3 HUX MeHbILe PA3BEPHYTOrO, apyroii 6osbue). Ecau pis

— .
TPOXOPK/ICHIS MEHBINETO I3 OT BEKTOPa d' K BEKTODY b mamo IBUTaTHCH MPOTUB YACOBOI CTPENIKH, TO
6a3uc {E}, b } Ha3BIBAETCS NPa6bLM, 8 ECIIN TBUTATH HAJO MO YaCOBOH CTPEJIKe, TO Ae6blM.
VYIPAYKHEHUE 2. [TycTh BEKTOPHI e_1> n e_g B R2 o6pasyior mpassit 6a3uc. Kakoit 6a3mc Toraa o6pasyioT
I S~ S APt S
BeKTOpBL f1 = €] + €5 u fo = —2e{ — 3e3”
PEIIEHUE. [Ina oupenenenns: Buja 0a3mca MOXKHO KCIOJb3BATh 3HAK OPUEHTHUPOBAHHON ILIOMIAIN

napaJiieiorpaMmMa (€C/iu MIJIOMAAbL NOJOKHUTEIbHA, TO 0A3UC TPABLIIA, 8 €CIM OTPUIATENIbHA, TO JIEBbI).
Haiinem BekKTOpHOE TTPOU3BEIEHHE

- =
- = - =
IIpoussenenne [e_1>7e_2>] = ok, re a > 0 no yeaornio. 3uaunt, [f1,f2] = —ak, r.e. 6asuc { f1,f2} aeswrit. B

JIerko BuIeTH, YTO 33129y MOYKHO 0OOOIIUTH — MMOCTABUTDH TPOU3BOJIHHBIE KOI(D(MDUITNEHTHI B JTHHEHHON

3aMeHe -
_>
il} _ a1l a2 6_1>
fa as az) \e2)’
Torzna
i — - = — — — — = — —
[f1,f2] = lai1e] + a12€3,a21€1 + azses] = ariaszle],es] + ar2asi[ez,e1] = det A - [ef,e3].

Takum 00pa3oM, BCe ONPeIesisieTCs 3HAKOM OIPeIe/IuTe s MATPUIIBI 3aMEHBI.

YOprPAXKHEHUE 3. Haiure o6bem nupamunst ABC DS, eciu u3Bectno, uro ABCD — napasuieno-
rpamm, u A = (—1,—1,0), B=(0,1,1), C = (1, —1,0), S = (1,1,2).

17
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PEIIEHUE. O6beM mupaMugbl paBeH %SABCDh (h — nymua BeIcOTHI U3 S Ha miockoctb ABCD),

—
4TO B TPU pa3a MeHblue 00beMa lapaJjulesielule)ia, HOCTPOeHHON Ha BekTopax BA = (-1, — 2, — 1),

BC=(1,-2,—1)u BS =(1,0,1). ITocnenuuii o6bem Haiinem yepe3 CMEIIAHHOE [IPOU3BEIECHUE
-1 -2 -1
(ABACAS) =|1 -2 —1|=4
1 0 1
Orser: 4/3. [ |

- = =
IIycTh BEeKTOPHL €1, €3, €3 0bpasyoT 6asuc B R3. OTio:KuM Bee TpH BeKTOpa OT TOIKH O U HOCMOTPHM
— o
HA& TJIOCKOCTh BEKTOPOB €1 M €3 C BEPIINHBI BEKTOPA €3 . ECIM MBI yBHIMM Ha TIOCKOCTH TIPABbIil 0a3uc, TO
u Gasuc {e_1>,e_2>,e_3>} HA3BIBAETCA IIPABLIM, 4 €CJIA yBUIUM JIEeBbIi Oa3uc, TO u 6a3uc {e_f,e_g,e_g} HAa3bIBACTCA
JIEBBIM.

%
VYOPAXKHEHUE 4. HaiiTu OpueHTHpOBAHHBIN yTOJ OT BEKTOpA q = (1,3,1) mo Bexkropa b = (—2,—1,2)
¢ Touku sperns ¢ = (0,0,1).

PemenuE. Ilycts ¢ — uckomsrit yroma. Torga
%
(d,b) -3 1

0s p = = = — .
@b sVIL o VI

— - .
Ocrasoch HOHATH HAIIPABJIEHUE BPAIIECHUS OT BEKTOPA ¢ K BEKTOPY b B uX 00MIEH JIOCKOCTU C TOYKH

— = 7>
3peHus ¢, T.e. HAJO oupeneautb BuJ 6azuca {d, b, ¢ }. s 5T0ro mocMOTpUM Ha 3HAK UX CMEIIAHHOTO
Ipou3BeieHUs (3HAK <ILIIOC» COOTBETCTBYET LIPABOMY 0a3uUCy, & 3HAK «MUHYC» — JjieBomy ). Vmeem

. 1 3 1
(@, b, 7)=|-2 -1 2/=5>0,
0 0 1
BuaunT Gaswnc MpaBbIii, BpallleHne WIEeT TTPOTHB YaCOBOH CTPENIKH, a 3HaUuT ¢ = arccos(—1/+/11). |

Taxk ke, Kak B 3ajate @ MOZKHO IIPOBEPHTD, 4TO IIPU JHHEHHBIX 3aMeHax Oa3muca B R> opuenTarms
COXPAHSETCS UM MEHSETCH B 3aBUCUMOCTU OT 3HAKA OLIPEEJIUTE/s MATPUIbL 3AMEHBbI.

VYOPAXKHEHUE 5. Ilycro e = (1,1,2), a e = (1,1, — 1). Haiigure rtperuii 6a3ucHblii BEKTOD e
JUIMHBL \/3, €Cjli U3BEeCTHO, 4TO OH 00pasyeT yroJ /4 ¢ BEKTOPOM €1, BEKTOP €5 OPTOIOHAJIeH ILJIOCKOCTH
BEKTOPOB e e_§, a baszwuc {e_1>,e_2>,e_3,>} MpaBLIii.

PEIIEHUE. ITycrs e = (z,y,z). Torna BekTOpHOE HPOM3BEIEHUE
el e8] = (2 — 2y,20 — 2,y — @)
KOJLTHHEAPHO €3, T.e. 2 — 2y =22 —z=—(y —x). Orcrioma = + y — z = 0. Jazee,

cos(r/ay = Y2 _ (eel) _wty o
2 ef[led] VI8

Torma x + y + 2z = 3. Coeannss ABa MOIYUYEHHBIX yYpaBHeHus, moaydaem z = 1, y = 1 — z. Haxowner,

@2 =3=22+(1-2)2+1leoc=1+2
Haxomum BeKTOpHOE TTPOU3BEIEHHE
1 1 2
z 1—x 1

Orciona © = 1 — /2, 1.e. UCKOMBIH BEKTOD e_§ =(1- \/57\/571). [ ]
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- = =
_)H_y)czf; {e1,e3,e4} — Gasuc B R3. Basuc {f1,fs,fs} HasbBaeTcs Guopmozonaisuom 115 Gasuca
{e1,e3,e3}, ecam
= 1 npu ¢ = j
(e’i 7fj) = ’ . .’
0, pu i # j.
— — — = — =
— [62763] — [61763] — [61,62]
YHOPAXKHEHUE 6. IIposepwre, urto dopMynasr f1 = ==, fo = 3 = =y
’ (ef,e3,e3)’ (ef,e3,e3)’ (ei,e2,€3)

3aJa10T OMOPTOrOHATBHBINH Oa3wuC.

— —
PEIIEHUE. Tlo coiicTBaM BeKTOpHOrO mpom3seaenns fi L e_2> u f1 L e_3>. Tlo cBoiicTBY cMemaHHOTO

IIpou3sBeIeHud RSN
i —>) _ ([62763]761) (62763761)

(27?272) B (61 ,€2,€3

i IByX IPYTUX BEKTOPOB PACCYKICHUS AHATOTHUIHDI. |




3aHdgarue 7

IIpsimble Ha ILJI0OCKOCTH

§ 7.1 CocraBjieHne ypaBHEHUs HA MPAMOI 110 Pa3JIMIHBIM CIIO-
cobaM ee 3aaaHUS

7.1.1 OOmiee ypaBHeHUEe IPAMOIf HA IJIOCKOCTH

OnPEAEJEHUE 1. Henynesoit BeKTOp ﬁ), NePIEeHUKYJIAPHBIA 33/JaHHON NIPAMOI, HA3bIBACTCA HOP-
MAALHBM 6eKTOPOM (HOPMAJIBIO) JJisd TO IPAMOIA.

Paccmorpum mipsimyto ¢, mpoxofsmyo udepe3 Touky My (2o, yo). IlycTh BekTOD ﬁ(a,b) — HOpMaJlb K

. . N —
upsamoii £. Touka M (x,y) npuHAIIEKUT 33JaHHON IPAMOI TOrIa U TOJIBKO Toraa, korna MoM L 7 1o
€CTh CKAJIIPHOE TTPOM3BE/IEHNE TAHHBIX BEKTOPOB PABHO HYJIO:

(MoM, ) =0

YA

Ve

Beipazum ckasisipHoe Ipou3BeeHue Yepe3 KoopauHarhl BeKTopoB MoM (z — xo,y — yo) u ﬁ(a7 b):
a-(x—z0)+b-(y—yo)=0

IMosnyyennoe ypaBuenue 3a1a8T NUPsMyT0, IPOXOALILYI0 Yepe3 TouKy M (zg, Yo ) NepPIeHIUKYISPHO BEKTODY
nopmasnu 1. Packpoem B 3TOM ypaBHEHHH CKOOKH M 00OO3HAYUM BbIpazkKeHHe —a - o — b - yg OYKBOil c.

20
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[Monyunm obwiee ypasnerue nPpamot Ha NAOCKOCTU:

a-z+b-y+c=0 (7.1)

7.1.2 VYpaBHeHUEe NPAMOIi C YIVIOBBIM K03 uiineHTOM

Yron « omnpenensiercs yriiom HakjoHa mpsamoit K ocu OX. Tanrenc yria makjaona mpsamoit K ocu OX
Ha3BIBAETCs YIJIOBBIM KO3(D(DHUIIMEHTOM MPSAMOIi; €10 0OBITHO 0003HAYAIOT OYKBOil k:

k=tga

Vpasuenne y = k - x + b HA3BIBACTCS YPABHEHUEM NPAMOT C Y2A080M KOIPPUYUEHMOM; k — YTIIOBOM
ko3dduriment, b — BesmunHA O0TPE3KA, KOTOPBIH OTCEKaeT mpsaMas Ha ocu OY | camrasi OT HaYajIa KOOp-
JIAHAT.

Ecnu npsamas 3amana o01mM ypaBHEHAEM
A-xz+B-y+C=0,

TO €€ yTJIOBOI KO (DUIIMEHT ONMpeeasercs mo ¢hopMyJie

k=—=
B

YpaBuenue y — yo = k - (x — x¢) ABJgeTCH ypABHEHUEM LIPAMOIl, KOTOpasi uMeeT yriioBoit Koadduuuenr
k w mpoxoauT uepes Touxy My (o, y).

Ecsin ussecrunr yriosbie ko3ddunuentsr ki u kg AByX HPSMbBIX, TO OJHMH U3 YIJIOB ¢ MEXKIY ITUMU

MPAMBIMHA OTpeesieTcs o hbopMyJIe:
ko — k1

T 14k ke

Ipusnarom napastesbHocmu 08YT NPAMBLE ABISETCS PABEHCTBO WX YIJIOBBIX KOI(DDUIMEHTOB:

tg

ki = ko
Hpusnmcww nepnenduny/mpﬂocmu 06y$ NPAMBLL ABIACTCA COOTHOLUICHHUE:

1

oy = ——
1 k2

WNuate roBopst, yryioBbie KOIMOGUIUEHTHI MIEPIEHANKYISPHBIX IPAMBIX OOPATHBI 110 A0COIOTHON BEJTMIHHE
¥ TTPOTHUBOTIOJIOKHBI TI0 3HAKY.

7.1.3 VYpaBHeHme npamoii, Ipoxoadineii yepe3 ABe TOYKU

ITycre npamas npoxomut wepes Touxu M (z1,y1) u Ma (22, y2). YpasHeHne npsaMoii, npoxoasmeii uepes
TouKy M7, IMeeT BU

y—y=k-(x—1x1), (7.2)
rae k - yriioBoi ko3(hUITHEHT.
Tak Kak upsimast poxoiutr depes To4ky M (T2, Y2), TO KOODAMHATHL TON TOUKY JIOJIXKHbBL YI0BJIETBOPATH
Y2—U
T2 — 1
B ypasuenue (7.2), moayanm ypasrenue npamot, nporodawel wepesz mouwku My w Ms:

ypaBHEHUIO: Yo — y1 = k - (2 — x1). OTciona Haxomum k = . Iloncrasngsa maiinennoe 3uauenue k

Yy—y1 - I

Y2 — 1 T2 — I

Ecnu x1 = 2, 1o npsmas, nupoxousinas depe3 Touku My (z1,y1) u Ms (29, y2) napajuiesibHa OCU OPJMHAT.
Ee ypaBuenue umeer Bug x = x7.

Ecau y; = y2, TO ypaBHEHHE MPIMOil MOKET OBITH 3AIMCAHO B BUIE Yy = Y1, npamas My My mapanmenbHa
ocu abcuucce.
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7.1.4 TlapameTpudyecKoe ypaBHEHUE MPAMOii

Cdopmynupyem cliefyomniyo 3a1ady: myCTh Ha KOOPAMHATHON IJIOCKOCTH 3ajana Touka Moy (zo,yo) u
HenyseBoil BekTop p (a,b). Heobxonumo cocrasuth ypaBHeHue mpsamoii £, npoxoasiieii yepe3 Touky My
U KOJIJIMHEAPHOI P .

ONPEAEJIEHUE 2. JI1000ii HEeHYIEBOI BEKTOD ?, napaJsuleSibHbI PAMOil { HA3bIBAETCS €€ HANPABAs-
OUUM BEKTMOPOM.

BriGepem Ha mpsiMoit £ Tpon3BosibHYI0 TouKy M (2, y). 3amernm, 4To Touka M MPUHAIIEKNUT TPSMOii
{ Torma M TOJIBKO TOT/A, KOraa BeKTOphl MoM u ' KoJInHEeapHbI.

i

l
0
M (z|y)
Mo (o, yo)
P
T
0 -

Bamurem ycaoue kojnHeapuoctn: MoM = ¢ - 5), rae t € R - mapamerp. C apyroit CTOpOHBI, BEKTOD
MM moxkHO BBIpa3uTh mpu momoru paaunyc-BekTopoB OM u OMg: MgM = OM — OMy . [Toxyaaem
6EKMOPHOE NAPAMEMPUNECKOE YPABHEHUE NPAMOTL:

OM =OM, +t- ¢

Wnu, nepenuchiBasi B KOOPAUHATHON (hOpME:

= -1
r=x0+a (7.3)
y=yo+b-t

7.1.5 KaHoHUWYeckoe ypaBHEHUE NPAMOIl

Ecnm u3 kaxka0ro ypaBuenus cucrembr ([7.3) BHIpa3uTh mapaMeTp ¢, a 3aTeM HCKIIYUTH ITOT MapaMeTp:

x—xo:y_yo:t,a’2_"_b2?é07
a b

MIOJLY UM KGHOHUYECKOE Ypasherue npamot, B KOTOPOM @ U b COOTBETCTBEHHO — KOOD/IMHATHI HAIPABJIS-
IOIIEro BEKTOPa MPAMOW.

7.1.6 VYpaBHeHUe MpPAMOii B OTpPe3Kax

Ecnu B obmem ypasuenuu upsivoit (7.1) a,b, ¢ # 0, To nepenecem cBoOGOJHDIH YJeH ¢ B IPABYIO YaCTh

a c c
ypaBHEeHUS W pa3aeaum obe dactu Ha —c : ——x — —y = 1. O6o3Haunm x1 = ——, y; = ~3 " TIOJIY9IUM
c c a
YpasHeHUE NPAMOY 6 OMPEIKAT:
x Y
— 4 == ]_
Z1 1
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ABCOMIOTHBIE BEIMYWHBI T1 W Y1 PABHBI OTPE3KAM, OTCEKAeMbIX TpsaMoii Ha ocax OX m OY. leiicTen-
renbHO, ToukM (21,0) n (0, y1) NpHHAIIEXRAT TIPAMOF £ M PACTIOIOXKEHBI Ha OCSX KOOD/MHAT.

ITpuMeP 1. 3xecw OGymer nmpumep

§7.2 Ilyukm npsaMbIX

OnPEAENEHUE 3. C(Cobcmeennbim NYwKoMm NPAMOLE HA TIOCKOCTH HA3BIBAETCS COBOKYITHOCTH BCEX
UPAMBIX, IPOXOAANMX Yepe3 (DUKCUPOBAHHYIO TOYKY (LEHTD IydKa).

ONPEAEJIEHUE 4. Hecobcmeennvbim nyukom Npamvlx Ha3bIBAETCS COBOKYITHOCTD MPAMBIX, TaPAJIIETb-
HBIX (PUKCHPOBAHHON MPIMOIi.

4l

Uy

JItoObie 1Be mpsimbie {1 u {5 OMHO3HAYHO 33AI0T MYYOK, COAepKaImii qaHHbe mpsmbie. COOTBETCTBEHHO,
€CJI TAHHbBIE MPSMbBIE MEPECEKAIOTCsI, TO TOYKA MX MMEPECeUEHUs] SIBJISIETCS IEHTPOM TydKa. Ecau npsaMbie
HE IIEPECEKAIOTCS, TO OHU 3aJai0T HeCOOCTBEHHBIA MyY0K MapaJLICIbHBIX IPAMBIX.

[Tycrs 3amanbl ypaBaenus AByX mpambix: 1 : Ay x4+ By -y+C1 =0uls: As-x+ By -y+ Cy =0.
ONPEAEJNEHUE 5. Jlunetinol kombunayueli ypaBHeHU TPAMbIX {1 U {5 HA3BIBAETCS ypPaBHEHUE:

/\1'(141'.T-i-Bl'y+01)+/\2~(A2'.T+BQ'y+C2):0, (74)

TIe YUCIa A1 B Ay — KOI(P(PUIMEHTH! TUHEHHOH KOMOMHAIINHA.
[Tpu 1t00BIX MOMYCTUMBIX 3HAYEHWSAX TAPAMETPOB A1 U Ao ypaBuenue (|7.4) 3amaer npsiMyro, TpUHAI-
JIEJKAIIYIO TYYKY, U HA000POT, 115 JIF00OH MpAMOii W3 MyYKa HAWIyTCAd TaKue 3HAYEHUS A| U Ay, 9TO
JIAHHOE ypaBHeHue OyIeT 3aJaBaTh 3Ty MPAMYIO.

7.2.1 B3amMHOe MOJIO>KEHUE MPAMBIX HA TJIOCKOCTH

1. Eciu npsmble nepecekaroTcs U 33/aHbl OOIIUM yPABHEHHEM:

Al -z + B cy+C1 =0;
As-x+ By-y+Cy =0,
TO YTOJI MEXK/Iy HUMHU MOXKHO HalWTH 1m0 hopMmyie:
- A1 . B1 + A2 . B2
VA + B} - \/A3 + B3

14

2. Ecnm npsivbie nmepecekaioTcs u 33aHbl YPABHEHUEM C YTJIOBBIM KO3 DHUITHEHTOM:
y=ki-x+ by;
y= k? -T+ b27
TO YIOJI MEXK/Iy HUMHU MOXKHO Ha#WTH 1m0 (hopMmyIie:

ko — k1

tgp = ————
8P T 1k ko
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3. Paccrosinme d or Toukn M (xg,yo) 20 npsmoit A-x + B -y + C = 0 Beraucasercst o Gopmyiie:

A-zo+B-y+C
VA2 + B2

VYHPAXKHEHUE 1. Ilpamvas 3agana ceoum napamerpudeckum ypasuenuem | = (1+42¢,2—5t), t € R. Ha-
numure obiiee ypaBHeHHe STON NPsAMOil, ee KAHOHMYECKOe ypaBHEHUE U ypaBHeHue B orpe3kax. Haitaure
HAIPaBJISAIONINNA BEKTOP W HOPMAJIb.

PEmEHUE. Ilo ycnoBuo, x = 1+ 2t, y = 2 — 5t. Orcoga cpady BUIHO KAHOHHYECKOE yDABHEHUE
z—1 y—2
2 -5
2 u cnoxum: 5z + 2y = 9. Toraa obiiee ypaBuenue npsimoil (omuo u3) umeer Bug S5 + 2y — 9 = 0, a

. Bepremca k ycsioBuio, ymMHO2KEM paBeHCTBO £ = 1 + 2t Ha 5, paBencrso y = 2 — 5t Ha

T

ypaBHEHUe B OTpe3Kax 18 + i 1. Hampasasionuii BekTop (OJWH W3) BUAEH HEMOCPEICTBEHHO U3
% b b

yeaous | = (2, —5), a HOpMa/Ib — TEPIEHIUKY/IAPHBI €My BEKTOD = (5,2). [ |

YOPAXKHEHUE 2. Bepno s, uro npsmas AB, rne A = (1,3), B = (—2,1) n npamas CD, rue
C=(-6/7,—-3/7), D= (12/7,9/7) napamiensus? Bepuo ju, aro npsmbie AB u BC nepuesuKy/isapHb?

PEMEHNE. YTo6bl MPOBECTH MPSIMYIO, TIPOXO/SAIIYIO Yepe3 TOYKU ¢ KoopauHaTaMu (x1,y1) u (Z2,y2),

OJIb3YEMCA PABEHCTBOM
T—T1 Y-

T2 — X1 Y2 — 1

Torma ypasuenue mpsimoit AB umeer BuI

x—1 y—3
S 1-1_3 T + 3y+9 ©2r—-3y+7=0

BekTop HOpMausn K 3Toii npsiMoii paBen (2, — 3), rorma Hanpasisommit Bekrop (3,2). dus mpsivoit C D
HOJTy 9aeM
r+6/7  y+3/7 o Tx4+6  Ty+3
12/74+6/7  9/7+3/7 8 12

Bekrop HOpMmasu K 3710t npamoii pasen (14, — 21), a manpasssionmii BekTop (21,14). Buaum, 9ro on
KoJuIMHeapeH Bekropy (3,2), T.e. npsiMble napajuiesnbhbl. Hakonen, ays npsmoii BC' umeeM ypaBHeHue

& 14z - 21y +3=0.

T+ 2 y—1
_ & Sz +dy+6=0.
Eryr ey Raecyrun g

Bexkrop HopMasm paseH (5,4), OH He KOJIJIMHEADEH HATPABJISIONEMY BEKTODY (3,2) mpsimoii AB, m.e.
npsmbie AB u BC' He TIepTIeHIUKYISAPHBI. |

Boobriie MokHO 3aMeTuTh, 9TO ABe npsimbie A1x + Biy+ C1 = 0 u Asx 4+ Boy + Cy = 0 mapanienbHbl

A1 B
Ay By

(uu COBNAIAIOT), €CJIM MATPUIA ( > umeer panr 1. IIpu 3ToM npsiMble COBNAIAIOT, €CTH MAaTPU-

2 (Al B]_ Cl
Ay By (s

MATPUIA UMEET PAHT 2 — mo4YeMy?), TO NPSIMbIe TI€PECEKAIOTCS.

Tpu npsiMble HA TIOCKOCTHA MOTYT PACIOJIOXKHUTHCsT OOJIBIITMM 9HUCJIOM CIIOCODOB:

1) BCe TpU HpsIMbIE COBIAIAIOT;

2) JBe HpsiMble COBIAJAIOT, & TPEThs UM [APAJLIEJIbHA;

3) /Be UpsiMble COBLAJAIOT, & TPEThsl UX LEPECEKALT;
)
)
)

) takke umeer panr 1. Eciu ke panr marpuibt ( ) pasen 2 (Torua u Bropas

1 By
Ay B

4) BCe TPW MPAMBIE TTAPALIECIbHBI;

5) IBe TIpSIMBIE TAPaJLICILHBI, 8 TPEThS WX TIEPECEKAET;

6) BCEe TPW TIPSIMBIE PA3JIMYHBI M MEPECEKAIOTCA B OIHON TOYKE;

7) upsiMble 06Pa3yOT TPEYrOJIbHUK.

B cayuasx 4) u 6) roopsT, 4T0 npsiMbie 00pa3y0T NY¥ok, UpUuYeM B ciaydae 6) OH HA3bIBAETCH COOCMEeH-
HoLM, & B caydae 4) Hecobemeentvim.
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YIOPAXKHEHUE 3. K KakoMy M3 ceMM CIIyYaeB OTHOCHTCS PACIOJIOXKEHNe MPAMBIX [ : © — 2y +5 = 0,
l: 2+ =—lulz: o=1+ty=3-17

PEIIEHUE. BanumieM obiue ypaBHeHus: OpaMmbix: 13 : . — 2y +5 = 0,10, 1 2z —y+1 = 0,

ls: x4+ y—4=0. Umeem
1 =2
rk<2 _1> =2,

T.e. 1 u ly pa3nuyanHbl U epecekaroTcs. lamee,

1 =2
1rk(1 1>:2,

T.e. 1 m l3 TOXKe PAa3MUIHLI U Tepecekarorcs. lamee,

2 -1
rk(1 1>:2,

T.€. o m [3 OIATH Ke pa3IndHbl U mepecekaroTcsa. Hakomerr,

1 -2 5
k|12 -1 1 | =2,
1 1 -4

T.e. CYIIECTBYET TOYKA, YAOBJIETBOPAIONAT BCEM TPEM YDABHEHUSIM.
Orser: ciyuaii 6). ]

VYHOPAXKHEHUE 4. Ouuiure COBMECTHOE PACIOJIOXKeHUe Ha IiockocTu tpeyroabuauka ABC, A(1,7),
B(-2,3), C(0, — 4) w upsamoii | : 2z —5y+7=0.

PrmeHuE. [loacTaBuM B ypaBHEHNE TPAMON KOOPAWHATHI KayKI0# TOUKU
A:2-35+7<0, B: —4-154+7<0, C:04+204+7>0.

Buaunt, TOukd A u B Jiexkar 10 OJHy CTOPOHY OT TpsMOi, a Touka C' — TO Ipyryio cTOpoHy. BuiBom:
npsimast | nepecekaer croporsl BC u AC tpeyrosbHuKa, a cTopory AB He mepecekaaer. Ocraercs BbIsC-
HUTD, EPECEKAET JIU | TPOIOIKEHUE 3TOU CTOPOHBI 38 TOYKY A, MPOIOIIKeHre 3TOH CTOPOHBI 38 TOUYKY
B unun BoobOe He nepecekaer npsaMyo AB. [l 3Toro HamuineM IIapaMeTrpudecKoe ypaBHEHHe IIPAMOI
AB, B3s1B 3a Hadasbayio TOUKy A. Hanpasssiionum BekTopoM caenaem AB, Tak 4ro0bl IPH yBEJIHYCHUH
mapamerpa t TOYKa JBUTAJIACH MO TPsiMoii oT A kK B:

r=1-—3t,
y=7-—4t.

[Tomrpobyem HaliTh TOUKY Tepecedenus: mpsaMbix AB u [

z=1-3t, 2—-6t—35+20t+7=0, t:L73,

y="7—4t, S dxr=1-3t, & gg:_?%
_ _ _ _3

2z —by+7=0, y="7-—4t, y=—3.

Touka uLepecedeHust ecTb U HAXOAUTCHA 3a TOYKO B, t.k. t = 13/7 > 1. Orser: upsamas [ nepecekaer
cropoubl BC' u AC TpeyroJibHUKA U MPOIOJIXKeHne CTOpOHbI AB 3a Touky B. |

VIIPAXKHEHUE 5. Cpeau Bcex KacaTelbHbIX K OKPYKHOCTH ¢ : x2 + y? — 4z + 12y + 11 = 0 naiiaure
Ty, Koropas Haubosee yjasena or Touku A(—2,4). Haiinure paccrosuue or 1o4ku A 10 910# UpsAMOR u
OPTOMPOEKITNIO TOYKH A Ha 3Ty NPIMYIO.

PemEHUE. ITar 1: Haitnem To4Ky B Ha OKPY2KHOCTH ¢, /il KOTOPOI paccrosinue | A B| MaKCUMaIbHO.
Banumewm ypasnenue okpyzxuoctu B Buge (7 — 2)2 + (y + 6)? = 29. O6o3nauum O’ = (2, — 6) — uenrp

—
okpy2kHOCTH, R = /29 ee paguyc u ¢ — yron mexkay Bekropamu O'A u O'B. Ilo Teopeme KOCHHYCOB

|AB|?> = |0’ A? + |O'B|? — 2|0 A||O'B| cos ¢ = 116 + 29 — 2/116 - v/29 cos .
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9T0 BBIpaXKeHNE MAKCUMAJBHO TIPH ( = T, T.€. TOUKa, B IO/IKHA JiexkaTh Ha TpoJosykennn orpeska AO’
3a Touky O’. Ilapamerpusyem npsamyio AO’ ¢ momompio Touku A u Bekropa AO’

r=—2+44t,
y=4—10t.

JobaBuM K 3TUM PABEHCTBAM ypPaBHEHWE OKPYKHOCTH U PENIAM IOJIYIY€HHYIO CUCTEMY

r=—2+44t, r=—2+44t, = —2+44t,

y =4 —10¢, < qy=4-10¢, & cy=4-10¢,

(x —2)2+ (y+6)2 =29 116t2 — 232t + 87 = 0, t=1/2umt=3/2.
IMockomeky ¢ € [0,1] coorBercTByer Toukam orpeska [A,0'], To BbOmpaem kopenb t = 3/2, oTKyma
B=(4,-11).

ITar 2: mokaxkeM, 9TO KacaTeabHad [, TPOXOadIas Yepe3 TOUKy B — mckomasi.

Pasz | — xacarenpuaa B Touke B, To | L O’B. Ho O'B konnmmHeapeH BEKTOPY ﬁ, Te. [ L E 1o
o3Hauaer, 4ro B u ectb opronpoekuus touku A ua npamyio [. Torma p(A,l) = |AB|. Eciau ke mbl
IPOBEJIEM KacaTeJbHyl0 m B Kakoi—aubo apyroii touke C okpyzxkuoctu, To p(Am) < |AC| (paccro-
sIHME OT TOYKM A 10 mpsMOW M — 3TO JJIMHA NEPIEHMKY/IAPA, OLMYIIEHHOro u3 A Ha m, a 0TPe30K
AC MOXKeT He 0Ka3aThCs TAKUM TEPIEHIUKYIAPOM, TaK YTO HAMUCAHHOE HEPABEHCTBO — 3TO YCJIOBUE
«B IPAMOYTOJBLHOM TDPEYrOJbHUKA [JIMHA [MIOTEHY3bl OOJblle JiuHbl KaTeras). C Apyroil CTOpOHBI,
|AC| < |AB| (Benp Touka B — camas ganekas or A rouka okpy:kHocTH). A eme, p(A,l) = |AB], tak 410
p(A,m) < |AC| < |AB| = p(A,l), r.e. cpelim Bcex KacaTelIbHBIX, IMEHHO | Hanbosee yaanena ot A.
IIIar 3: naiizem ypasuenwue [.

Bekrop AB = (6,—15) strsiercst 771st [ HOpMAJIbIO, & 3HAYNT | MOYKHO 3a1aTh ypasHeHneM 62— 15y+C = 0.
Yucno C moxbepeM Tak, 4To0BI TpsiMas Mpoluia depe3 Todky B = (4, — 11), me. 24 + 165 + C = 0,
C = —189. Coxkpamiass va 3, moaydaem [ : 2x — by — 63 = 0.

Otser: npsimas umeer Buj [ : 2x — 5y — 63 = 0, opronpoekiueit A na | aBiserca rouka B = (4, —11), a
paccrosnue pasno p(A,l) = |AB| = 3v/29. TIposepka: 1o dbopmyie s paccrosuus or ToUKH (Tg,Yo) 10
npsimoit Az + By + C =0,

A B C —4-20-63 87
_ |Azo+Byo+C| _ | | _ 3v/29.

Al _ 87T
plAD) JAZ 1 B2 Jit 2% /29

VYHPAXKHEHUE 6. Ha miockocru gaubl iBe npsimbie: {1, npoxozsias depe3 rouku (—1,2) u (2,3), u
ly 1 3z +y+ 1= 0. Hailuure ypaBuenue upsimoii {3, koropas npoxoiaur dyepe3 rouky (0,2) rak, 4ro fq,
{y u f3 00pa3yroT PaBHOOEIPEHHbIN TPEYrOIbHUK.

PEMEHUE. Cravasia 3amuiiemM obiiee ypaBHeHUE MpIMOil 1

r+1 y-—2
AN W
9511 3-_2°7 T T

Teneps Haiinem yros mexay £ u £

= arccos 3-3] _r
4 V1010 2
r.e. {1 L fo. JIByxX NpaAMBIX YIJIOB B TPEyrOJbHHUKE ObITh HE MOXKET, T.e. PaBHble YIVIbI 0DpasyloTcs Hpu
uepeceuenuu ¢4 N ¥ls u o N3, Ilycrs (A,B) — Bexrop nopmasu K upsamoit £3. Toraa

|A — 3B| |3A + B|
= < |A-3B|=|3A+ B|.
V10V A2+ B2 /10 A2 + B2 | = |
Bosmoxkubl gpa ciayuas: A = —2B uwimu B = 2A. B nepsom ciyyae monoxkum B = 1, A = -2, a

ko3 dunment C Hajinem u3 ycnosusa (0,2) € f3, orkyna C = —2. Bo Bropom caysae A = 1, B = 2,
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C = —4. Urak, mu6o {3 : —2x+y—2 =0, mubo {3 : =+ 2y — 4 = 0. Ocraercss mpoOBEPUTH, UTO B 0OOUX
CJlydasX TPOHKa MPAMBIX 06pa3yeT TPEYroJbHUK (& He MyYOK MPSAMBIX, IPYIHEe CJIYYan HEBO3MOMKHBI, T.K.
HapaJlIe/IbHbIX U COBIAIAIOIINX MPAMbBIX cpeau {1, {o u {3 Her — mouemy?). meem

1 -3 7 1 -3 7
k[ 3 1 1 ]|=3 k|3 1 1]|=3,
-2 1 -2 1 2 -4

T.e. 00a Ciaydasi UIYyT B OTBET.



3aHdarue 8

Ilpsimble 1 IJIOCKOCTH B IIPOCTPAHCTBE.
HauauJio.

§8.1 CocraBieHue ypaBHEeHNI NPAMBIX 1 IJIOCKOCTE

[Ipsmyio B HPOCTPAHCTBE MOXKHO 33/IaBaTh NAPAMEMPUNECKUM YPAEHEHUEM — CUCTEMON BUJIA
z(t) = a + at,
y(t) = b+ Bt, ,rmet € R —nepemenusiit mapamerp. [Ipu rakom crocobe 3amanus npsamoit M = (a,b,c)
z(t) =c+~t

. —
— HavajbHas TOYKA (B KAYECTBE HEE MOXKHO OpaTh MPOM3BOJILHYIO TOYKY TpaMmoil), a € = («a,B,7y) —
HAIIPABJIAIONINN BEKTOD IIPAMON.

Jpyroii cmocob 3a7aTh TpAMyI0 — yKa3aTh [BE TOYKW B MPOCTPAHCTBE, JIEXKAIINE HA ITOW MPAMOIL.
Eciu npsMas jaHa B napaMeTpUYECKOM BUJE, TO HOACTaBjAd t = t; u ¢ = to (IBa IPOM3BOJIBHBIX
PA3JIMYHBIX 3HAYEHUS [apaMeTpa), HOJy4YuM JIBe TOYKM, Jexaiue Ha npsamoil. Hanpumep, ecim ¢ = 0,
a to = 1, To mepsasg Touka cosuajzer ¢ M, a sropags — ¢ M + <. ObparHo, ecyiu Janbl jaBe ToUkd A u
B, nexaiue HA MPsIMOif, TO BCErIa MOXKHO TOJOXUTE M = A, = zﬁ — TIOJIyYNM THapaMeTprYecKoe
YPaBHEHHE NPAMON.

- A1$+Bly+012+D1:0, -

Tperuii ctocod 3a7aTh MPSAMYIO — YKa3aTh CHCTEMY U3 ABYX JWHENH-

A2$+Bgy+OQZ+D2 =0
HbIX ypaBHeHuil (PaHr cUCTeMbl JI0JI2KeH paBHATbCd 2). IIoCKOo/bKY cucrema COAepKUT JBa ypPABHEHUs
U TPU HEU3BECTHDIX, TO TIOC/IE PEIIEHUs CUCTEMbI OCTAHETCS OJUH CBOOOMHBIN mapamerp (0003HAYUM €ro
t), a mepeMeHHbIe X, Yy U z OyIyT BBIPAXKEHDI JIMHEHHO Yepe3 ¢, T.e. OyJeT MOJydYeHO MapaMeTpHIECKOe
YPaBHEHHE IIPAMOM.

OnPEAEJNEHUE 1. JlBe mpsMble B MPOCTPAHCTBE HABBIBAIOTCH NAPAAAEALHOIMU, €CIIA OHU JIEKAT B
OJIHOM TLJIOCKOCTH W HE TIePECEKAIOTCS.

JIBe mpsiMble TTapaJiIeIbHbI UJIU COBIAIAI0T TOIIA U TOJIBKO TOT/A, KOTJA WX HAIIPABJIAIONINE BEKTOPDI
OTJIMIATOTCA KOIDPHUITHEHTOM.

OnPEAEJNEHUE 2. Ilpsmbie, KOTOpbIE HE TEPECEKAIOTCS U HE JIEXKAT B OTHON TIJIOCKOCTH, HA3BIBAIOTCS
CKPEULUBAIOULUMUCA.

TEOPEMA 1. Yepes TOUYKY BHE JAHHOW MPAMON MOKHO IMIPOBECTH MPSIMYIO, HTAPATICTBHYIO 3TOM
IPAMOIt, U IPUTOM TOJIBKO OJIHY.

" —

Ecnu ucxomgnas npsamas 3a7aHna B mapaMeTrpuIecKoM Bujie TOUKOW M u HAMPABIIAIONMM BEKTOPOM €,

a Touka [N He JIeXKUT HHA TON HPAMOI, TO BTOPAY IPAMAas 33/aeTCA B MAPAMETPUIECKOM BUJIE€ TOYKOMI
N u TeM ke HAIPABJISAIOIMIAM BEKTOPOM € .

28
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I110CKOCTH B TPEXMEpPHOM TPOCTPAHCTBE MOXKHO 33J]aBATh 6 NAPAMEMPUHECKOM 6ude — CUCTEMOM
z(t) = a + aqt + aas,
y(t) =b+ Bt + Ba2s, , tme s, € R — mnepemenusle mapamerpbl. BekTopsr e = (a1,61,7m1) m
2(t) = ¢+ 1t + Y28,
€3 = (9,02,72) HA3BIBAIOT HAIPABJSAIOUIUME BEKTOPAMHE ILIOCKOCTH.

Jpyroit cnocob 3a7aTh ILIOCKOCTh — YyKa3aTh TPU TOYKU (HE Jiexkalnue Ha oxHoil mpamoit). Eciun
A; = (x,y;,2j) — TPH 9TH TOUKE (37eCb j = 1,2,3), TO MIOCKOCTL MOKHO 331aTh IaPAMETPUIECKH, B34IB,

—
Hanpumep a = x1, b = y1, ¢ = z1, Bekrop («1,081,71) = A1As, a Bekrop (aa,f2,72) = A1 As.

Tperuit ciocob 3amaTh MIOCKOCTh — yKasarh ypasuenue Azx + By + Cz + D = 0. T'eomerpuyecku
BekTOp (A,B,C) nepnenauKyisipeH njI0CKOCTH (BEKTOP HOPMAJIN).

I[Be IIJIOCKOCTH Ha3bIBAIOTCA NMAPAAAEADHOIMU, €CJIN OHU HE IIE€PEeCEeKaloTCAd.

TEOPEMA 2. Yepe3 TOUKY BHE JAHHON MJIOCKOCTH MOYKHO TTPOBECTHU IMJIOCKOCTH, MAPAJIETbHYIO JTaH-
HOM, ¥ TIPUTOM TOJIBKO OJIHY.

Eciiu nepsas miockocrs 3auana ypasaenunem Ax + By + Cz+ D = 0, 10 /i cOCTaB/IeHUs ypaBHEeHUs
BTOPOIi TJIOCKOCTH HAJO0, He MeHsis uncena A, B u C, nomeHdaTh 4ucjao D Tak, 9T00bI HOBAs MJIOCKOCTH
MIPOIILJIA Yepe3 3aJaHHYI0 TOUKY.

Ecsn nepsas miokocTs 33/1aHa B IapaMeTpPUIeCKOM BHUE, TO HAJO, HE MEHss HAIIPABJISIONUX BEKTO-
POB, LOMEeHHTH TOYKY (a,b,¢) Tak, 4robbl HOBas IJIOCKOCTD IIPOLLIA YEPE3 33JAHHYIO0 TOYKY.

[Ipamas napaasesvra naockocmu, eCau IpsAMasa U INIOCKOCTh He mepecekaiorcd. lIpavas mapannens-
Ha IJIOCKOCTU WJIM JIE2KUT Ha IJOCKOCTU TOIJA U TOJBKO TOIJA, KOIJA HAIPAaBIAONMNE BEKTOD IPAMO
SBJISIETCs JTUHEHHON KoMOMHAIeil HAIIPABJISIIONINX BEKTOPOB IIJIOCKOCTH.

[Ipsmast, mepecekaroiast MIOCKOCTh, HA3BIBACTCI NepneroukyAApHOU ITOH TIIIOCKOCTH, €CJIN OHa, TIep-
MTEHIUKYJISAPHA JII000H MpaMOii, KOTOpasi JIEXKUT B JAHHOW TJIOCKOCTH W MPOXOJIUT d4epe3 TOUYKY Iepece-
gennusi. [IpsMas U MIOCKOCTb MEPHEHIUKYISPHBI TOTIa U TOJBKO TOI/A, KOTJA HAMPABISIONII BEKTOD
IPAMO# ¥ HOPMaJIb K IUIOCKOCTU OTJINYAIOTCH KO3 DUITUEHTOM.

Yroa o Mexky TIpSMOii ¥ TIJIOCKOCTBIO OTIPEIENISIeTCS PABEHCTBOM v = /2 — f3, Tie 8 — yros Mexmy
MpsAMON U BEKTOPOM HOPMAJIU TIJIOCKOCTH.

[Ipoekiueit Touku A BHOJIb HPsAMOil £ HA ILIOCKOCTb T Ha3biBaeTcsd To4Yka B Buga B = A + k?, rue
€ — HaNpaBJIAIINN BEKTOP MPAMON, a MHOKUTEIH k TIogOupaeTcs u3 ycjaoBust B € 7.

OproronasnbHOil npoekiueii (KOPOTKO — opmonpoexyueti) TO9Ku A Ha NJIOCKOCTb T HA3bIBAETCS MPO-
eKIs ITON TOYKHM Ha Ty ILUIOCKOCTH BIOJIb HOpMasu miockoctu. Opronpoekimsa To4ku A Ha ILIOCKOCTD
MOKHO OLPEJIETUTD TI0 APYroMy — 310 Ouinzkaiiiias K A TOYKa IIOCKOCTH.

ITycrb O — npou3sBosbHas TOYKa Iockoctu 7, A ¢ w, a B — opronpoekius A wa 7. Torma yron
Mexk Iy npsmoit OA u TI0CKOCTHIO T paBeH yriuy mexay sektopavu OA u OB.

VYHOPAXKHEHUE 1. 3Banuiimure KAHOHUYECKOE U [APAMETPUYECKOe ypaBHEHUe HpsSMOil £ epecedeHus
MJIOCKOCTH 71 : 2% + ¢y — 2z — 4 = 0 ¥ MJIOCKOCTH 7o, TpoxofsIedi yepe3 Touky A(1,1, — 1) mapasiensHO
BEKTOpaM &] = (1,0,1) u e = (—1,1,0).

JIOKA3ATEJILCTBO. Ilo ycmoBuio, miockocTs 7o 3aana napaMmerpudecku. Hafinem ee obiee ypasHe-
Hue

r=14u—w, u==z+1,
y=1+w, Scv=y—1,
z=—1+4+u. rT=3+z—-y,

Te. mo: x+y—z—3=0. Torma npsimas ¢ 3a7aeTCs CUCTEMOIA

2r+y—2—-4=0, o z=2zx+y—4, N z=2rx+4+y—4,
r+y—2—-3=0 xr4+y—2x+y—4)—-3=0, =1
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B34s 3a mapameTp KOOpAWHATY ¥, TOJIYIUM

T =1,
y=t,
z=1—2.

Mps1 manun mapamerpudeckoe ypaBuenue npsimoit £. [Iposepka: ¢ € 71, TOCKOJbKY TOACTAHOBKA Mapa-
METPUYECKOrO yPaBHEHHUs MPAMOIl B yPABHEHHE ILIIOCKOCTH JAeT BepHOe paBeHcTso 2+t — (t—2) —4 = 0.
Kpowme Toro, ¢ € mo noromy, yro A € ¢ (nocrarouno B3arh t = 1), a HANpPaB/IAIONMHA BEKTOP HPAMOI £
€CThb JIMHeHass KOMOMHAIS e_1> u e_2>: (0,1,1) = e_1> + e_2>. Kanonuueckoe ypashenue { umeer B,

x—1 y—0 2z+2
o 1 17

YnrPa>kKHEHUE 2. CocrasbTe 00Iee ypaBHEHNE MIIOCKOCTH, COMIEPIKAIIEH BCE TPSIMbIE, TTEPECEKAIOTHe
OpsMylo © = y = z u obpasyomme ¢ KoopauHaTHbIME ocsivu Oz, Oy u Oz yroast 7/3, n/2 n 27/3
COOTBETCTBEHHO.

JOKA3BATEJLCTBO. IlycTh q = (z,y,2) — HaANPaBJILAIONIMI BEKTOD OJHOM U3 IPAMBIX, yKA3AHHBIX B
ycaoBuu (11 KparkocTu Oy/eM Ha3blBaTb 3Ty LUPAMyIo «Haweiis). [Iycrs o = m/3 — yrou mexuy srum
BEKTOPOM U BEKTODOM €] = (1,0,0) (r.e. ochio Ox). Torma

— =
(d'eq) x 1
COSt¥ = "=>T—, = =, — 5-
[dllei| |d] 2
Y < .
Anamorungso, ﬁ =0, ﬁ =3 Urak, x = —z, a y = 0. Hanpasastomuit BeKTOp ONpeneseH ¢
a a
%
TOYHOCTBIO 110 MHOXKUTe/A. [losoxkum © = 1, rorma @ = (1,0, — 1). IlycTs Hama npsivas mepecekaer
upaMyio £ = y = z B rouke (s,8,8). Torna mapamerpudeckoe ypaBHEHHWE HANIEH MPsIMOil UMeeT BH

(s+t,s,s—t), t € R. «Ornyckas na cBob6oy» 06a napamerpa t u s, Oy 4UM IAPAMETPUIECKOE yPABHEHUE
mI0cKOCTH. JIefiCTBUTENBbHO, TI0 YCAOBUIO, TLIOCKOCTE JOJIKHA COIEPKATh JTI00YI0 TOUKY (T.e. ucio t € R
POM3BOJILHO) JII000H Hamed npsaMoit (T.e. anucyio s € R Toxke nponsBosibHO). UTax,

r=s+1, t=x—s, t=x—y,

y=s, <Y =5 <3 Y =5,

z=s—1 z=s—1 z=y—(z—y),
T.e. 00ITIee ypaBHeHue TI0CKoCcTH & — 2y + z = 0. |

T—zx — z— 2
VYIOPAXKHEHUE 3. Jlokaxkure, 9TO yroj ¢ MeXKJIy MPIMOii 0o_Y ﬂyo = % 1 MA0CKOCTBIO
e}

Ax + By + Cz 4+ D = 0 onpenensercs u3 paBeHCTBA

. Aa+ Bp+C

sinp = | b il p € [0,7/2].

V(@? + 5% +72)(A% + B2 + C?)

JTOKA3ATENLCTBO. Ilycts mpsiMas mepecekaer II0cKocTh B Touke M. OTioKuUM OT 3TOH TOYKH
HAINPABJIAIONUI BEKTOD e = (a,,7) u BEKTOp HOpMAJIK = (A,B,C). Ilycrb 1) — yros Mexiy 3TuMu
BEeKTOpaMu. BO3MOXKHBI IBA Cllydas: BETOPHI € W i, PACTIONIOMKEHDI 10 OTTHY CTOPOHY OT TIOCKOCTH. Toraa
¥ € 10,m/2], a ¢ = /2 — 1. llockonbky costh = l%ujz)l > 0, TO Mbl U [10JIy4aeM MCKOMYIO (bOpMYyJly JLjist
. Ecm xe @ u 7 oKazauch MO pasHble CTOPOHbI OT TLIOCKOCTH, TO Y € [r/2m], ¢ = — /2. B arom
caydae cosy < 0, a sinp = — cos®) U MbI BHOBb MOJIy9a€M BEPHBIA OTBET.

Ocramncst He pa3obpan ciaydail, KOrja mpsiMas W ILIOCKOCTH BOODINE HE MMET OOIUX TOYeK. B atom
cilydae npsgMas U IUIOCKOCTh IAaPAJUIeUIbHbI, a YrOJI MEXK/ly HUMU He onpejesier (1o Kpaiineii mepe, B

KyPCe LIKOJIbHOI crepeomerpun). YA00HO CUUTaTh, YTO B 9TOM C/lydae yroJ pase nyJo. [Iposepum, dro
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Hara (popMysIa TakXkKe gaer HyseBoi orset. [1ocKOIbKY w OPTOTOHAJIEH TJIOCKOCTH, TO w OPTOTOHAJIEH

u ipsiMoit. VHbIMu cioBaMu, (?,ﬁ)) =0, Te. sinp =0, Te. ¢ = 0. |
z—2 -1 z+1

VYIOPAXKHEHUE 4. Jlana npamas { : 7 = y4 = T CocraBbre mapamMeTpruIecKoe

yPaBHEHHE IPAMOI, IIOJIy4YeHHOM u3 f KOCOH IIpoeKuueill BIO0Jb BEKTOPa ¢ = (1,1,1) ma mwiockocrb

m: z+4y+22—-8=0.

JIOKA3ATEJILCTBO. ITlar 1. Bribepem B mpocTpancTee 6a3uc {6—1>,€_2>,€_3>} TaK, ITO €] | =, e | =,
aes =¢ (B TakoMm Ga3zuce jierko GyZeT MOTOM BBIYUCIUTH MCKOMYIO TIPOEKIHUI0). BekTop e = (1,1,1)
yKe m3BecTeH. /[yisi momcka BEKTOPOB €1 U €5 BCIOMHHM, 9TO BEKTOp (a,b,c) mapajienes IIOCKOCTH
Ax + By + Cx + D = 0 B Tounocru torna, korga Aa + Bb + Cc = 0. Urak #Hamo HaiiTy ABa pelleHus
ypasuernus a + 4b 4+ 2¢ = 0. Baas b = 0, ¢ = 1, monyuum a = —2. IIpu b = 1, ¢ = 0 monyuum a = —4.
Urak, nonoiiayr sektopst e = (—2,0,1) u 3 = (—4,1,0).

HTar 2. 3anunemM mapamMeTpuiecKoe YpaBHEHUe MPSIMOil £

T =22t
y=1+44t,
z=—-1+4t.

BosbMeM MPOU3BOIBHYIO TOUKY HA TPAMOii (T.e. ¢ TPOU3BONBHO) U HaliIeM KOOPAUHATHI 3TOH TOUKHU B
— = =
6asuce {e,e3,e3 . OGO3HAYMM 5TH HEM3BECTHBIE TTOKA KOODIWHATHI (C1,C2,C3) U PEIINM CHCTEMY

2 -2t -2 —4 1 —2c1 —4ey +c3 =2 — 2,
1+4t | =c1 | O |+ | 1 | +es|1)] ©<Seco+ce3=1+4t, &
—1+t 1 0 1 ¢ +e3=—1+1,

g =—-14+1t—cs, g = 10

co =144t — c3, = clzﬂ,

—2— 18t +Tcz =2 —2t co = 312t

7

, — - —

IITar 3. ITo onpememennio KOCO# MPOEKITHK BIOJL €3 Ha IJIOCKOCTh BEKTOPOB €] U €5, TOYKA C KOOPINHA-
— = —

ramu (c1,c2,c3) B 6asuce {ej,es3,e3 } npoekTupyercs B TOUKy ¢ Koopauuaramu (c1,c2,0) B 3mOM 2Ke Gasuce.

Nmeem

2 4 36 + 4t

44 16t 114 9¢ 1
T 0 |- ; L=z -11-9
1 0 4 + 16t.

OTBer: napaMerpuyecKoe ypaBHEHUe MpsaMOit

§8.2 BzamMmHOe pacnoJjioyKeHue NPsSMbIX M ILJIOCKOCTEel B IIpPO-
CTPAHCTBE

JlBe mipsiMble B TPOCTPAHCTBE MOTYT:

1) ckpemuBarbcs,

2) nepecekaTbCs B TOUKE,
3) OBbITH MApAIIETbHBIMHY,
4) commagaTh.

JlBe 11710CKOCTH B IIPOCTPAHCTBE MOLYT:
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1) mepecekaThest MO TPAMOIA,
2) OBITH MAPANIETBHBIMHA,
3) coBnazaThH.

[Ipsimast u 1JI0CKOCTH B IPOCTPAHCTBE MOLYT:

1) mepecekaThCsi B TOUKE,
2) 6BITH IAPAJIIETLHBIMH,
3) HepecekaTbesd O NPAMOM (T.€. IpsAMas JIEKUT HA ILIIOCKOCTH).

YHOPAX>XKHEHUE 5. Onwuimure COBMECTHOE PACIOJOKEHNEe B TPOCTPAHCTBE Maphl IJIOKOCTEH
z—1 y—2 z—1
m: x+2y—z+2=0um: 2z —y—2z+4 =0 u napbl npaMbIx {1 : 1 = 7 = - u
‘- x+2 y—1 z+1
T2 T 0 T2
JOKABATEJILCTBO. g muockocreit Ajx + By + Ciz+ Dy = 0wu Asx + Boy + Coz+ Dy = 0

A By
Ay By ()

“MeeM TIPOCTOi Kpurepwii: ecim rk < ) = 2, TO IUTOKOCTH TIEPECEKAIOTCs; eCJIU PAHT PaBeH 1,

Al B]_ Cl D1
HOl"k(A2 By, Cy Dy

coBmagaoT. B mHamem cirygae

) = 2, TO IJIOKOCTH MMapPAJLIEJIbHbBL;, €CJIH 2Ke 00a paHra paBHbL 1, TO IJIOCKOCTH

N
2 -1 -2 ’

T.€. 7T U o MIEPECEKAIOTCS. YCJIOBUE MapaJIeIbHOCTH BEKTOPA U MJIOCKOCTH MBI Y7Ke BCIIOMUHAJIHN B ITPEJIbI-
nyieit 3anade. s ¢4 nanpasssiionuii Bekrop pasen (1,7,7). Tak kak Ay +7B1+7C1 =1+14—7#0u
Ag+T7Bo+7Cy =2—-T7—14 # 0, 10 {1 He mapasisesbHa HE T1, HU Ty, T.e. epecekaeT ode maockocru. s
BTOpO# psiMoit umeem 241 +2C7 = 0 u 245+ 2C5 = 0, T.e. HAIPABJILIONIMIA BEKTOD {9 napaJuiesies ooenm
mtockocrsiM. Touka (—2,1, — 1) smeskur Ha {3, HO He JIEXKUT B 7] W HE JIEXKWUT B Tg, T.e. {3 MapajulesibHa
Ty W T, HO HE JIEKWUT HU B 71, HU B . OcCTasioch pa3o6parbCs ¢ COBMECTHBIM PACIIOIOKEHUEM MPSMBIX
01 u . Ux nanpasasiomue sektopst (1,7,7) u (2,0,2) He kosiuneapubl, T.e. {1 u {3 He NapajlIe/bHbL
ITorpobyem HaiiTk ux OOIIYI0 TOUKY

Te—T=y—2, y=1,
%1 y—f 2;1, y—2=2z-1, x=6/7,
42 y—1 z+1 = =
2 0 2 Yy = la z = 0,
r+2=z+1, 20/7 =1.
O6ireit Toukn HerT, T.e. £1 U {5 CKPEITUBAIOTCS.
Otser: m Ny, €1 N7y, €1 Nwe, bo || 71, Lo || 72, €1 1 2 CKpeIIUBAIOTCA. [ ]
[Ipsimbie £1,0s, ... 0, 00pa3ylor cobcmeeHHbIll NYHOK, €CI BCE OHU ILIEPECEKAOTCH B OJHONM TOYKE.

[Ipsimbre 06pasyoOT HecoOCMEEHHBIT NYHOK, €CTU BCE ITU MPSIMbIE MAPAJIIETHHBI.

[Tnockocru my, T3, . . . , T, 0OPA3YIOT CcOOCMBEHHBLT NYUOK, ECTTU BCE OHU TTEPECEKAIOTCS B OJIHOM TOYKE.
[Ipsambie 0Opa3yior HecobcmeerHbili NY4ok, €CIU BCE ITU IJTOCKOCTHIO MapaJIIeIbHbI.

[limockocTu 1, 72, . . .,y 0OPABYIOT COOCMBEHHYIO CBA3KY, ECIIA BCE OHHU IEPEeCeKaroTCs M0 OJHOM Ipsi-
Moit. [InockocTu 06pa3yoT HecobcmaeeHHY0 C6:A3%KY, ECIN BCE ITU ILTOCKOCTHIO TAapaLIeTbHBI OMHON 00ITeit
OpAMOMA.

YIHPAX>XXHEHUE 6. IlpoBepbre, uTo mymockoctw 71 @ 3x +y —22+1=0,m: —2x+2y+2+1=0,
M3 x4+y—22—1=0wumy: —y—+2z+3 =0 0b6pa3yor COOCTBEHHYIO CBA3KY, HO HE 0OPA3YIOT IIy9IOK
(uu cobGcrBeHHDI, HU HECODCTBEHHDII ).

JIOKABATE/ILCTBO. BemoMuuM Teopemy u3 Kypca aareopsl. ITycmo dana cucmema m AuHetiHbLEL Ypas-
HEeHUT
1121 + a12%2 + ... + a1, T, = by,

a21%1 + a22%2 + ... + a2n Ty = by,

Am1T1 + Gm2Xo + ...+ QnTn = b
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na n neuzsecmunr. Cucmema umeem pewerue 6 movyHocmuy moe@a, Kozda

a11 ai2 A1n b1
a21 a2 az by

rk " <n
Am1 Am?2 Amn bm

Ecau Xugemn = (21,2 ..., &n) — KAKOE—MO PEWEHUE CUCTNEMBL, MO 00Ul PEUEHUE UMEEM 6UJD

1 2 k
x:XHacmH+CIX +02X ++Ckx ’
2de konemanmu C; npouseosvnvs, a x? = (x],23,...,.00) — dyndamenmanrvrans cucmema peusenud
00HOPOIHOT cucmemvl Ypasrerut

ai1r1 + a2 + ...+ a1, =0,
2171 + a22T2 + . .. + agnxy =0,

aip a2 A1n
. a1  az2 az
Yucno k eexmopos amoti cucmemdv, pasho k = n — r, 2de r = rk " B mamem
Am1  Am2 Amn

CJydae CucreMa
3z +y—2z=—1,
2z +2y+z2=-1,
r4+y—2z=1,
r—y+2z=-3

3 1 -2 -1
-2 2 1 -1 N
WMeeT pelieHne, MOCKOJIbKY rk 1 1 —2 1 = 3. C gpyroit croponbr, k = 0, TOCKOIBKY

1 -1 2 =3

3 1 -2
-2 2 1 .

rk 1 e 3. 3HAYuT, pereHre COCTOMT TOJIBKO M3 ONHOW TOYKM (Z0,Yo,20), T.€. TLIOCKO-
1 -1 2

cru uMerT oblLyo TOYKY (00pa3yloT COGCTBEHHYIO CBA3KY), HO He UMEIOT o0uieil npsamoii (He o6pasyor
cobcrBenHblii 11y40K). HecobcrBennblii 1my4ok oHu 00pa3oBarb HE MOIYT, XOTs Obl LIOTOMY, YTO Liepece-
KAIOTCS B OIHOM TOUKe. MOXKHO 3TO MpPOBepuTh u ajrebpandecku. IlmockocTn 06pa3yoT HECOOCTBEHHBIH
MIyYOK, €CJIM OHW BCE TApaJIJIe/LIbHBI OTHOM TpaMoit. Torga HapaBISIONINl BEKTOD € sroii opaMOit 10JI-
JK€H YJOBJIETBOPSATH PABEHCTBAM (?,ﬁj) =0, rme ﬁj — BEKTOP HOPMAJIA K j—TO# maockocTu. MHbiMu
CJI0BaMu, BEKTOD e = (2,y,7) HOJIZKEH YIOBJIETBOPATH CUCTEME yDABHEHUIL

3x+y—22=0,
—2x+2y+2=0,
r+y—2z=0,
r—y+2z=0

Mb1 y2Ke npoBepusin, 9TO PAHI MATPULBL ITOM CUCTEMbI PABEH 3, T.€. CUCTEMA He UMeET pellenuii (Kpome,
KOHEYHO, pemenus £ =y = z = 0, KOTOpoe Jiyis HALPABJILIOLIEI0 BEKTOPA HE IOJUTCs). ]



Sapgarue 9

IIpsiMble M IIJIOCKOCTHU B MPOCTPAHCTBE.
OkoHuYaHueE.

JI106ast 1JI0CKOCTD JeIUT IPOCTPAHCTBO HA JBA IIOJIyIIPOCTPAHCTBA. Eciu miockocTh 3a/1aHa ypaBHe-
wueMm Az + By+Cz+ D = 0, To monynpocTpancTsa onpeaensaorcs nepaseacrsamu Ax+ By+Cz+D > 0
unAr+ By +Cz+D < 0.

YHOPAXKHEHUE 1. Jlanbl 9eTbipe ILTOCKOCTH

r=1—4t+ s, r=2—1t—2s,
m sy =—145s, mg 1 sy =4—>5t—4s,
Z:—t, Z:6S,

w3 172 — 16y — 52 + 30 = 0, Ty x4+ 20y —4z+ 24 =0.

Jokaxkure, 4T0 OHE 00PA3YIOT TETPA3AP U NPOBEpbTe — JiexKuT Jjin Touka M (1,1,1) BHyTpU HEro Wiy Her.

JIOKABATEJLCTBO. Haiinem Touky A mepecedenus: maoCKOCTel 7y, Ty U 73

t = —6v,
z=t=v=0,
r=1—4t+s=2—u—2v, s=1—u—26v,
rz=1+4+s,
y=—1+5s=4—5u—4v, —14+5s=4—-5u—4v=uy,
& Sdu=1-s,
z = —t = 6w, r=1—4t+s,
y = —1+5s,
172 — 16y — 52 + 30 = 0, z = —t, )
s=1,
172 — 16y — 52z + 30 = 0,
re. A= (2,4,0). Haiinem Touky B mepecedeHns MIoCKOCTel 71, T U Ty
z=t=v=0,
Lts s=0,
xr =
’ =t=v=0,
u=1-—s, = 1
y=—1+35s, -
y:_la
T+ 25y —42+24=0
r.e. B =(1,—1,0). Haitnem rouky C nepecedenus 1mi0ckocreil mi, ms U my
r=1—4t+s, s =0,
y=—1+5s, t=1,
z = —t, Sy =-—1,
17(1 — 4t + s) — 16(—1 + 5s) + 5t + 30 = 0, x = -3,
(1 — 4t + ) 4+ 25(—1 + 5s) + 4t +24 = 0, z=—1,

34
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re. C = (=3, — 1, — 1). Haitnewm, nakomer, Touky D mepeceveHust MIOCKOCTE o, T3 U Ty

r=2—1t—2s, t=20,
y=4— 5t —4s, s=1,
z = 6s, S =0,
17(2 —t — 2s) — 16(4 — 5t — 4s) — 30s + 30 = 0, y =0,
(2—1t—2s)+25(4 — 5t —4s) — 24s+24 =0, z =0,

r.e. D = (0,0,6). MbI qokazasu, 4T0 MIOCKOCTU 71, T2, T3 U T4 CBOUMH TOUYKAMHE II€pecedeHuns o0pa3yoT
rerpasap ABCD. Ocraercs y3Harh, jie;kuT ju Todka M BHyTpu Hero. s 3TOro BHAYAJIE COCTABUM
ob1ye ypaBHeHUS [IJIOCKOCTeH 71

r=1—4t+ s,
m o Qy=—1+5s, & dr—y—202—-6=0
2z = —t,
" o
r=2—t—2s,
m: sy=4—-5t—-4s, &dr—y+z—-6=0.
z = 6s,

[Tpu nogcranoske koopauHar todek D u M B ypasuenue mnockoctu 11 = ABC uveem 0—0—120—6 < 0
n5—1—-20—-6 < 0. Berpaxkennst "MeI0T OMHAKOBBIN 3HAK, TTO.€. TOUKW D u M j1e:KaT 1Mo OJIHY CTOPOHY
orHOcuTENNbHO 1tockocTu ABC. s mnockoctu mo = ABD u touek C u M umeem —154+1—-1—-6< 0
ub5—141-6 <0, re. C u M roxke nexar no oy cropony or ABD. AnanoruyHasi cuTyanus s
mwrockoctu 3 = AC'D u mapst Touek B u M; nis nnockocru 74 = BC'D u napet A u M. ITockonbky Bee
4YeThIpe pa3a MOJIyIPOCTPAHCTBA COBIAIM, JEIaeM BbiBog, 410 M jexur BayTpu rerpasapa ABCD. R

Paccrognue or rouku M = (xg,Y0,20) 40 mwiockoctu 7 : Ax + By + Cz + D = 0 Bbuucjsercs 1o
dopmye
(M) = |Azo + Byo + Czo + D] .
VATt B2 1 C?
Ecan npsavas ¢ mapajiienbHa MIOCKOCTH 7, TO PACCTOSHUE OT £ IO 7 MOYKHO BBIYUCINUTEH KAK PACCTOSHIE
p(M ), tne M — npou3sBoJibHAA TOYKA NpAMOii L.

-1 -2
VYHOPAXKHEHUE 2. J[lawbl Touka K(—1,2,4), nupamasa £ : il = yT -z 5 W INIOCKOCTH
m: 2x+2y+2z—2 = 0. [Iycte M — Ommxkaitmmas k K Touka mpsamoit £, a N — Ommxkaitmag k K
rouka 1iockoctu 7. Haitnure |KN|, |[KM| u |MN]|.

JIOKA3ATEJILCTBO.
A.’E0+By0+CZO+D 4
KN| = p(m) = ATt Brot Cro b DI _ 4
VA2+ B2+ C 3
|KM| — p(K é) _ |[(O‘3637)7(x0 — 21,90 — Y1,20 — Zl)“ — |[(717 - 272)7(*1a172)]| _
7 a2+ 2442 3
_ |(_6707 _3)| _ \/5
s .
1
Haiinem Touky N. IIoCKOABbKY BEKTOp €IWHUYHON HOPMAJH K IJIOCKOCTH 7 PaBEH W o= 5(2,2,1), TO

T — . . —
NK = +p(K,7)n (3HaK 3aBUCAT OT TOTO, B KAKOIi U3 MOJIYMIOCKOCTEN OTHOCHTELHO BEKTOPA 1 JIEXKHUT
BekTop NK). YV Hac BO3HWKAeT 1Ba BaphaHTa

1 2 17 1 2 1
Nek-NE={ 2| -2 2= 10) wm v=(2]+2(2) =12
4) \1) 2\ 32 4] \1) ?\ao
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IToacrapnsis B ypaBHEHUE TJIOCKOCTH, BUIUM, UTO MPABUILHBII OTBET — TEPBLIA. Terneph HalgeM TOUKY
M. Banumem napaMeTpudeckoe ypasuenue npamoit £ : (—t,1—2t,2+2t) u naiizem napamerp t u3 yCjIoBust

KM = (=t +1)> + (1 — 2t — 2)> + (24 2t — 4)> = 5. [lonyuaem t = 1/3, ne. M = £(—1,1,8). Torza
IMN| = /300/9. m

VYHOPAXKHEHUE 3. Ilycte 71 : 20 +y+2—4=0,am : x—2y—22+3 = 0. Haiiaure yron 6 mexay m
U 7o ¥ 3AlUIIATE yPABHEHUE ILIOCKOCTH T3, IPoXoAsiiieii yepe3 Touky (1,1,1) nepuenaukysispHo upsaMoit
{ nepecedenus m, U To. IIpoBepbre, 4T0 yroy Mexky npambiMu £1 = w3 N 7w u o = w3 N 7wy pased 6.

JOKABATEJBCTBO. Ilo ompenenennio, yroa MexKay TIJIOCKOCTSIME 71 U Ty PABEH YIVTy MEXKIY TPAMBI-
MU, BO3HUKAIOIIUMU IPU CEYEHUU ITUX IIJIOCKOCTEN IJIOCKOCTHIO, TEPHEHANKYJIAPHONU JIMHUY NIepecedYeHrus
w1 N 7. OQHAKO UCKATh 3TOT yroJi yao0Hee U3 CedyIomero cooOpaxKeHus — OH PpaBeH YLy MKy HOp-
MaJIAMU :I:ﬁl u :I:WQ. 3HaKu 3/1eCh HOAOUPAIOTC TaK, YTOObl HOPMaJ/IK ObLIM HALIPABJIEHbL B OJUH ¥ TOT
e IByTpanHbii yroi. Tlompobyem B3sth 771 = (2,1,1), o= (1,—2,—2). Torga KocuHyc yria ¢ MesKIy

HUMHU pPaBeH
-2
cosp = ——.

36
Yros okazasics Gombiie /2. DTo 03HAYAET, YTO MbI He yraJaiu ¢ HanpasjienueMm aopmaseil. [Tomensem
2
27"
Tenepb MOMyYUM TOT Ke OTBET JJIHHHBIM CIOCO00M — 10 onpeenenuio. CHadama HaliIeM mapaMerpude-
CKO€ ypaBHEHHUEe HPMOii £

3HAK y OGHOI M3 HOpMaJel — IyCThb o= (—1,2,2). Torpa ¢ = 6 = arccos

20ty +z—4=0 v=t
l: vy S sy =t
r—2y—22+3=0
z=2—1.

Hanpasasromuit sBekrop pasen (0,1, — 1), a Tak Kak 73 L £, TO 3TOT BEKTOP MOYXKHO B3STb HOPMAJIbIO
K m3. Torma 73 : y — 2z + D = 0. Yucno D noxpbepem u3 ycaosug (1,1,1) € w3, orkyna D = 0. Tenepn
HalieM npgaMmble

z=1,

y=t,
20 +y+2—-4=0,
12 =
y—z=0

r=2-—1

2 —2:+3=0 y="r
ly: {m v 7 e lz=t,
y—2=0
=4t - 3.

HalpasJIsioue BeKTOPbI 3TUX IPSMbIX PABHBL € 1 = (-L,1,1) u o= (4,1,1), a yroa MexKay OpsSMbIME

paBeH

0 = arccos %(?1’?2)' = arccos i = arccos \/ 3
|€1||62| \/54 27
|

VYOPAXKHEHUE 4. Haiinure ypaBHeHus: OMCCEKTOPHBIX IIJIOCKOCTEH NBYX JABYTPAHHBIX YIJIOB, BO3HU-
Kalomux mpu nepecedeHun 7 : 3¢ +4y —bz+1=0um: ©—T72—8=0.

JIOKABATEJILCTBO. 3amuineM HOPMAaIH 1q = (34,—5) u o = (1,0, — 7).Ilnockocrb 73 Jeut

. =
JIBYTPAHHBINA yTOJ IIOMOAAM B TOYHOCTH TOTMIA, KOTIA BEKTOP 71 3 JIEXKHUT B ILTOCKOCTH BEKTOPOB 111 U 1 9
— — —
u obpasyer oxuHakoBbie yriibl ¢ HuMu. Ilycrs 75 = any + bns = (3a + b,da, — 5a — 7b). Toruna

(717ﬁ3) (%}17%}2)
|_>‘ = |_>| < 9a+3b+ 16a + 250 + 350 =3a + b+ 3ba+ 49 < a =10
niq n9

_>
u BB a = b = 1, monyunm "3 = (4,4, — 12). 3Hauur, UCKOMas ILIOCKOCTb UMEET ypPaBHE-
aue 4x + 4y — 122 + D = 0. Ilnockocru 71, Mo um 73 JOJKHBI 00OpPAa30BATH COOCTBEHHBIN IIyYOK,
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3 4 -5 1

Te.tk (1 0 -7 =8| = 2, orkyma D = —7. Urak, ypaBHeHUE TEPBO# IJIOCKOCTH WMEET B
4 4 —-12 D

dxr + 4y — 12z — 7 = 0. Bropas miocKoCTh BO3HMKAET MPW W3MEHEHUW 3HAKA Y ONHON W3 HOpMAaJei

1w e Iyers 71 = (3,4, — 5), W2 = (—1,0,7). Torna 73 = (3a — b,da, — 5a + 7b),

- = - =
(T1,77s) _ (":”2) & 9 — 3b+ 16a + 250 — 35b = —3a + b — 35a + 49b < a = b,

s = (2,4,2) u BrOpas MIOCKOCTb MMeer ypasHenue 2z + 4y + 2z +9 = 0. |

YIPAXHEHUE 5. Ilmockoctu 71 : v 4+y—2+7=0,m: r—y—2—-—3=0un3: c+y+2+5=0
nepecekaiorcs B rouke A = (—1,—5,1) u 00pas3yioT BoceMb TpexrpaHHbIX yrios. Haiigure reoMeTpuieckoe
MECTO IIEHTPOB IIAPOB, BIIMCAHHBIX B TOT TPEXTAPHHBIN YTOJI, KOTOPbIN COAEPKUAT HAYATIO KOOD/IAHAT.

JOKA3ATEJBLCTBO. Ilycrh rouka N = (a,b,c) — IEHTD OJTHOTO W3 IIAPOB, BIMCAHHBIX B TPEXTPAHHBIIL
yroj. 3uaguT ToYka N paBHOyIZa€HA OT BCeX IIOCKocTeil. Kpome TOro, /ist KaXkaoi m3 IJI0CKOCTEH
rouku N u 0(0,0,0) jexkar B 0HOM U TOM Ke HOJynpocTpaHncrse. IlocienHee ycioBue O3HAYAET, YTO
a+b—c+7>0,a—-b—c—3<0ua+b+c+5>0.IlepBoe ycioBue o3Ha4uaer, 410

a+b—c+7 —a+b+c+3 a+b+c+5
Nm)=————=p(Nmg) = ———F— =p(N,73) = —F——.
Orciona a = —1, ¢ = 1, a b upoussosbro, T.e. N = (—1,b,1). Bo3spaiascs K HallJIeHHBIM TPEM HEPABEH-
cTBaM, 1oJiydaeM orpanuvenue b > —b. ]
. z+1 y+2 z-1 .
YOPAXKHEHUE 6. Touka A jexur Ha npsaMoi fy : 5 = 3 = , @ TO9Ka B — Ha mpsamoii

Uy : =143ty = 2—t, z = 3+t. Haiigure rakne A u B, uro6bl 1anHa orpeska |AB| 6blia MUHUMAIBHOI.

JIOKABATEJLCTBO. IlepBrlii crmocob. ITapamerpusyem mpsmyro
by z=—-142s,y=—-2—-3s,z=1+2s.

Torna
|AB|? = (243t —25)* + (4 —t +35)* + (2 +t — 25)% = 114> + 17s% — 22ts + 8t + 85 + 24 =

4\° 4\° 16 32
:11(t—s)2+6s2+8(t—s)+16s+24:11(t—8+11) +6(5+3> +2- -5

Temepb BUIHO, 9TO BbIPazKeHWE MUHUMAJIBHO npu s = —4/3, t = —56/33. Torma

11 45 122 4
A= 7i,2,f§ , B= ,75’7’73 .
3 3 117 33’33
Bropoii crmoco6. Paccrosinne or A 10 npstmoii £5 — 3T0 AjiMHA HEePIeHIUKYJIApa, OLYyIIEeHHOro u3 A Ha

by, 1. AB L {5, Ananornano, AB 1 ¢;. OOumii nepenmky/isap MOXKHO HANTH, BBIYUCIUB BEKTOPHOE
IIPOM3BEICHNE HAPABJISIONIX BEKTOPOB €] = (2,—32)m e = (3, — 1,1). Uraxk,

AB = k[, @] = k(—1.4,7).

Koaddbunment k maiinem u3 cremyonmx coobparkenuit: nocie capura ) = {1 + E npamvas £} momKHA
mepecevs npsimyio Y. Ilomydaem cucremy

x=—14+2s—k=1+3t, 3t—2s+k=—-2 t = —56/33,
y=-2-3s+4k=2—1, ©{t—3s+4dk=4, &s=-4/3,
p=1+2s+ Tk =3+t t— 25— Th=—2, k= 14/33.

[Toxcrasiisiem HaliieHHbIE 3HAYEHU, IIPUXOIUM K TOMY K€ OTBETY. ]
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Janna otpeska |AB|, HaliJleHHOTO B 3a7a9e, eCTh PACCTOAHUE MENHCOY CKPEUSUBAIOULUMUCS TPAMBLMU
{1 u f3. DTO paccTosiHWE MOXKHO HaiiTh, He HaxOast camux Touek A u B, mo dhopmyne

(MN,1,¢2)|

I[€1, €]l

P(£1;£2) = ’
— —

rme €1 U €9 — HANPABJSIONME BeKTOphI 1 u fo, a M € €1 u N € {5 — 1aBe MpOU3BOJLHBIE TOYKH.

Dopmysia 00bICHSIETCS TPOCTO — BBICOTA MPU3MBI CO CTOPOHAMHI ?1, Tou M paBHa 00bEMY TTPU3MBI,

JIeJIEHHOMY Ha ILIOIIAAb OCHOBAHMS.



Saugarue 10

AdunaabIEe 3aMeHbI KOOpANHAT

OnPEAENEHUE 1. Ilycrb nHa miiockocru 3azanbl cranaaprabie koopaunarst (x,y). [lepexon k koopau-

A
' =anz + apy + by, . .
HaTaM Ha3bIBaETCA a(i)I/IHHOI/I 3aMEeHOUu KOOp,ZI;I/IHaT.

Yy = as1x + asy + bo

n (a1 a2 . b1
pu stom A = to an. | HasbiBaerca mampuuel sameni, a () Hasbisaerci eexmopom cdsuza.
21 22 2

ONPEAENAEHUE 2. Ilycrs B R? 3ananbl cranpaprabie Koopaunarsl (7,y,2). Ilepexon K KoOpauHaTaM
' = anx + a2y + a3z + by,
Yy = as1x + asey + aszz + by,  Ha3bBaeTcs abUHHON 3aMEHON KOODMHAT.
2\ = az1x + azay + azzz + b3
ManI/IHa 3aME€HbI U BEKTOD CJABUTA OIPEACIAIOTCA aHAJIOTUYIHO.

VOPAXKHEHUE 1. B R? cienanu abuHHYIO 3aMeHy KOODAMHAT

=2 —y+1,
y = -3z +2y—2.

Haiinure o6parnyio sameny. Hanuimure B HOBBIX M CTAPBIX KOOPAMHATAX yPABHEHNE IPAMOM, IPOXOAAIIeit
4epes Touky (5,8) (B koopaunarax (z,y)) napaJjuJiejbHo UpaMoil x — 2y = 3.

. , x , x
JOKABATEJLCTBO. B marpuunoii 3anucu 3amena umeer sug X' = Ax+ b, roe x = y) x'=(7,],

A= <_23 _21>, b= <_12> Boipaszum orcrosa BeKTop X

x=A"'x-b)=A"'%x - A"'b.

-1 _ 2 1 —1 _ 0
G ()

{xz?x’—l—y’,

ITockonbky

TO

y=3x+2y + 1.

B crappix KoopamHATaxX WMeeM: TpsAMas MPOXOAUT dYepe3 TOUKY T = b, Yy = 8 mapajljleIbHO TPAMOit

x — 2y = 3. Torna ona 3aiaerca ypasaenuem x — 2y = C' (ycioBue napajuiesnbuoctu), npudem C' = —11,
T.e. x —2y+11 = 0. [ToacraBnss dopmymnsr o6paTHOl 3amensl, nmeem (22 +y') —2(32'+2y'+1)+11 = 0,
re. —4x’ — 3y +9=0. |

39
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VIPAXKHEHUE 2. B mpocrpanctee R? cucrema woopammar O'ejehel 3amaercs KoopawHaTamu

o' =(@1,-11), el = (1,2, — 1), e = (0,1,2), e = (1, =1, —1). B a10it cucreme Haiigure KOOpANHA-
o1 Touek K, L, M u N, 3Has ux KoopauHATHI B Kjaccudeckom basuce K(—1,0,0), L(1,0,0), M (0,2,0),
N(0,0,3).

JIOKABATEJILCTBO. Haiinem marpury mepexona A m BekTop casnra b B 3amene x’ = Ax + b. 3raewm,
9TO eCJIM BEKTOPHI HOBOTO 0a3mca 3amucarh MO CTOIONAM MATPUILI, TO MOJIyYnM obpaTHYyo 3ameHy. B
HaIleM CJIy9ae

T 1 0 1 x' 1
yl=12 1 —1]|y|+[-1
z -1 2 -1 2 1

Y1006k MOTyIuTh (GOPMYJIIBI IPSIMO# 3aMEHbI, HalIeM

—1 —1

1 0 1 1 1 2 -1 1 0 1 1 1 1
A=12 1 -1 =3 3 0 31, b=-12 1 -1 —1 =3 =31,
-1 2 -1 5 =2 1 -1 2 -1 1 —4
T.C.
/ —
1’/ 1 1 2 1 T 1 1
y | = 5 3 0 3 y |+ 3 -3
Z 5 =2 1 z —4
Iloacrasisiss cioa crapble KOOPAUHATHI TOYEK, MOJYIUM HOBBIE HX KOOPAHHATHI K = %(1, -9, —13),
L=3(1,-1,-1,M=(1,-1,-2), N=£(-13,-5). [ ]

IIpu pon3BOIBbHBIX ADUHHBIX 3aMEHAX KOOPAUHAT MOTYT MEHSATHCSA «PACCTOTHUS MEXK/Y TOTKAMU>.
) !/ / / /
910 o3Ha4aer, 4To ecam Touku A m B nocne abuHHOM 3aMeHBI UMEIOT KoopAmHATHL (x),y]) u (x5,y5)
COOTBETCTBEHHO, TO JyuHa oTpeska |AB| nue obasarensno pasua uucity \/(¥f — 25)2 + (y] — y5)?. Ana-
Jormunsnii 3¢ dexT BozHEKaeT u B R3.

MozkHO 10Ka3aTh, YTO PACCTOSHUS MEXK/y MPOM3BOJILHBIME IAPAMHU TOYEK npu adpuHHOI 3amMeHe He
H3MEHATCA TOTJIA U TOJILKO TOTJA, KOTJa MATPHIA 3aMeHLI OPTOTOHaIbHA, T.e. A - AP = .

2
N

YOPAXXKHEHUE 3. Ilposepbre, 9T0 Marpuiia nmepexomga A = 73 6 B | B 3amene x = Ax
1 1 1
Vi V6 2

sIBJISLeTCsl OpToroHasbuoil. HaiiauTe 1L10Ma1b TpeyrobHiKa ¢ BepLIMHaMu €1, e3' 1 €5’

JIOKABATE/ILCTBO. Umeem A - A = E, T.e. MaTpuia OpTOroHajbHa. Torma oHa 3a7aeT Iepexos
K HOBOMY OPTOHOPMHPOBAaHHOMY 6Ga3mcy, a B TAKOM 6a3uce COXPaHAIOTCA BCE METPHYECKHE Pa3Mephbl
(paccrosinus, LI0MA M, 06bEeMbL U T.J1.) U BCE YIJbl. B 4aCcTHOCTH, IJIOIA/Ib TPEYTrOJIbHUKA C BEPIIMHAMU
€1/, €3’ u €3’ paBHA MJIOMAM TPEYTOAbHUKA ¢ BEPUIMHAMA A(1,0,0), B(0,1,0), C(0,0,1) B k1accuaeckoi
cHCcTeMe KOOPAMHAT. VICKOMYTO MIIOma b HalileM Yepe3 BeKTOPHOE TTPOU3BEICHHE

AB = (-1,1,0), AC =(-1,0,1), [AB,AC] = (1,1,1),
V3

Te. S = —. ]
2

Ecnim Marpuma 3aMeHbI He OPTOrOHAJBbHA, TO JJIMHBI BEKTOPOB B HOBOH CHCTEME KOOPIMHAT BbI-

gucnsores no dopmyne |[AB| = |A§| = VAE-A%, rje - — ckajigpHoe upousseienue. Ilpu

9TOM B HOBBIX KOOp,ZII/IHaTaX CK&HHpHOe HpOI/IBBe,ILeHI/Ie BeKTOpOB BBIUUCIIAETCA HE <«KaK O6quHO>>
(x1,01) - (@2,y2) = 172 + Y1Y2, a TO opmye

(x1,y1) - (T2,Y2) = g112122 + g12T1Y2 + g21T2Y1 + g22Y1Y2.

Marpuna G = <z11 512> Ha3BbIBAETCI Mempuyeckot mMompuyed.
21§22
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VIOPAKHEHME 4. Ha miockocrn 3aamm cucremy koopaumar O'¢ely, tne O = (0, — 2), ef’ = (2,1),

1
)
€5’ = (—2,1) u B HOBOH cucTeMe KOOpAMHAT 3amamu mpsmyio £ : 2z’ 4+ 3y’ + 3 = 0 u Touky K (4, — 4)
Haiiaure paccrosinue or K 1o /.
2 =2
1 1
MeHa MeHsieT paccTogausd. Ilepeiinem K HadaabHBIM KoopanHaraMm. s Toukn K mmeem

JOKABATEJILCTBO. IlepBsbIili cmoco6. Marpuia 3amensr A = ( ) HE OPTOrOHAJIbHA, T.€. 3a-

K =0 +4e]' —4e}’ = (0, — 2) + (8,4) + (8, — 4) = (16, — 2).

=
C noMoIIbIo KOOPAMHAT BEKTOPOB €1, €5’ u Touku O’ JIerko 3aarh 00PATHYIO 3aMEHY

() (0)

O6paTtnm MaTpHIly ¥ HaWIEM MPSIMYIO 3aMEeHy
< — 171 2 - 1
T4\-1 2 1)

2 +3y +3=020+4y+8—3x+6y+12+12=0& —z + 10y +32 =0,

Torma mas mpsimoii £ mmeem

T.C.
|—16-20+32] 4
K.0) = -t
pUEL) T+ 100 V101

Bropoit cmocob. Bymem paborars B HOBOIl cucreme KoopauHat. llapamerpusyem mpsamyio
:x' = =3t,y = —1 + 2t n naiigem Touky B ma mpamoii — 6mmxaiimyo k K. B adwurnoii cucre-

Me KOOD/MHAT CKaJIspHOE IPOM3BEICHIE BEKTOPOB o = (a1,a2) m b = (by,be) BBIUMCIsIETCH KAK
- b
@G- b= (a1,a2) (gu 912> (bl) = gr1a1b1 + gi2(aibe + azb1) + gaaasbs,
gi12  g22 2

rme G — MeTpudYecKas MaTpHIa. B IpAMOyroJbHON HOPpMHPOBaHHON cucreme koopauHar G = E, a B
adbuHHOIT CHCTEME ITPO 3Ty MATPHILY MOXKHO CKA3ATH TOMBKO TO, 4T0 (f cuMMerpiyna u nojoxuremsaall| K
CYACTBIO, B CIy4dae, ecin adpUHHAS CHCTeMa ObIIa IOMydeHa U3 OPTOHOPMUPOBAHHOH CHCTEMBI HePexoIoM
K Gasucy O'e}e,, marpuiy G MOXKHO JIerKO BHIYHCINTE 1o (hopmyme 'pava

> = —>r =
e (& e e
G = <(_1>/a_1>/> (_}l a_g/ ))

rue (+,-) — cKajgpHOe mpou3sBejeHne B ucxonHom baszuce Oejes. B Hamem cirydae

5 -3
o=(% 3.
Bepuemcs k perennio 3amadn. veem KB = (—4 — 3t,3 + 2t). Ksaapar paccrosimus | K B|? (B noBOii
cuCTeME KOODJMHAT) PABEH

2 _ (4 (5 =3\ (43t _ 2
|KBJ® = (-4 —3t, 3+ 2t) (_3 . g4 gp ) = 101£7 +282¢ 197,

141 16 4
9T0 BbIpaXKeHUEe MUHUMAJIBHO IIPHU § = ———, a MUHUMaJIbHOE 3HAYeHue PaBHO ——, T.e. |[KB| = ——.
101 101 101
|

1 Banmanune! MaTpuna Ha3bBaeTCsA HOJOXKHTEJHONR HE TOIIA, KOLJA MOJOKUTEIbHBI BCE €€ 3JeMEHTHI, a TOTAA, KOIIa
=~
cKkaJsipHOe npoussenenue d -G-d b s 106010 HEHYJIEBOrO BEKTOPA, HOJI0KHUTEILHO, T.6. MaTpuna G 33/aeT 002K UTe/IbHbIE
NJIMHBI BEKTOPOB.
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VYTPAYXKHEHUE 5. JloKaxkuTe, 94TO TLIOMIAIb 3JIEMEHTAPHOrO TApaIIelorpaMMa, — MapaJlielorpaMMa,
= .

HaTAHYTOTrO HA BEKTOPHI €1’ U €5’ adunnoii cucrembr O'e el 8 R?, pasna vdet G, rie G — merpuueckas

MaTpHIA.

JIOKA3ATE/ILCTBO. IlycTh BEKTOPBI e_f’ u e_2>’ UMEIOT KOOpAUHATHL (€11,621) U (€12,622) OTHOCUTEIHLHO

. €11 €12
CTAaHJAPTHON cucTeMbl KoopawHat, Torga MCKOMas ILIOIA/b PABHA MOJILYJIIO OIIPEIETUTE s . e
21 €22
CocTaBUB METPUUECKYIO MATPHUILy — MaTpuUIly I'pamMa CKaJasSpHBIX TPOU3BEIECHUN, BUIUM, ITO
2 4 62 +
G = €11 T €21 €11€12 T €21€22
= 2 2
e11€12 + €21€22 €1y + €59.
Haxomum ee onpenenurens
2
_ 2 _ |€11 €12
detG = (611622 — 612621) =
€21 €22
|

JleficTByst B TOYHOCTH TaK YK€, MOXKHO JOKA3aTh, YTO O0bEM 3JIEMEHTAPHOIO HapaJIe/eluIIesa —
5= .
mapasiiesienuie/a, HaTsSHyTOTO Ha BeKTopa €1, €5’ u e3’ abunnoit cucremst O'e)ehel B R?, pasen vdet G,
riae G — mMerpuyeckas MarpUIA.

VYHOPAXKHEHUE 6. Ilpy kakux ycaoBusaxX HA YUCHA 11, 12 U goo MaTpuna G = (gu glz) MOZKET
12 922

OBITh METPHYECKON MaTpHIEH Ha TIOCKOCTH?!

JIOKABATEJLCTBO. Kak MbI TOMHIM, MEeTpHUYIECKas MATPHUIA €CTh Marpura ['pama s HeKOTOpPOii

. — — — — =
acdbuHHOI 3aMeHbI, T.e. g11 = (€1,e1), gi12 = (€1,e3), gao = (ez,e3). Torma, Bo—mepssIX, g11 > 0 1 goo > 0.
Kpowme Toro,
2 = =2 S22 a2 2
g1z = (e1,e2)” = [e1|"|ea|” cos™ p = g11g22 cOs™ < gr1g22-

. — — .
JleliCTBUTENIBHO, (0 — ITO YroJl MEXKIY BEKTOPAMHU €] W €5, & MOCKOJbKY OHU JIMHEHHO HE3ABUCUMBI, TO
p # 0u ¢ # 7. Urak, nis moboit marpuis: ['pama BeImoTHEHBI TPH yeaoBust: g11 > 0, goo > 0w det G > 0.
IMokazkem, 9ro, HAOOOPOT, €CJIU ITU TPHU YCJIOBHUS BBIIOJHEHBI, TO MaTpuria G ecrb marpuna ['pama as
KaKOH—TO 1apbl BEKTOPOB €1 u 5. 3uech [POIIE BCEIO MPEbIBUTH ITU BEKTOPDI:

o <\/911) - < 912/ /911 )
0 ’ V911922 — 9%2/\/911

OrBer: TOrma U TOJILKO TOrIa, Koraa gi1 > 0, goo > 0 u det G > 0. [ |

VesoBue goo > 0 moxkHO orbpocurb. JeiictBuresibHO, ecji Mbl 3HaeM, 410 ¢g11 > 0 u det G > 0, 10
922 = (det G + g%,)/g11 > 0 aBTOMATHIECKH.

B TpexmepHOM TpPOCTPAHCTBE MOXKHO [TOKA3aTh TAaKOil Kpurepuii: marpuna G SBASETCS METPUIECKON
MaTpHUIEeil TOr/ia U TOJIBKO TOIJIa, KOrJia OHa cuMMerpudHa u g11 > 0, goo > 0, g3z > 0, zll ?2 > 0,
12 922
g1 913
913 933

g22  g23

g g > 0, det G > 0. Kak u B IByMepHOM CJIy9ae, HEKOTOPBIE YCIOBHUS 37€Ch MOXKHO
23 933

)

gi1  g12
gi2  g22

orOpaceiBaTh. Hampumep, MOXKHO OCTaBUTH TPU HEPABEHCTBA ¢11 > 0, >0wudetG > 0.




Saugrue 11

Kpussie Broporo nopsijika. HauaJio.

§11.1 Kiuaccudukaliusgs KpUBBIX BTOPOTO ITOPAIKA

YcraHoBUM Ha IJIOCKOCTH IIPSMOYTOJIbHYIO CHCTEMY KOODJAMHAT U PACCMOTPHUM O0Illee ypaBHEHUE BTO-
poii crenenn

an12? 4 2a122y + a20y® + 2012 + 2a2y + a = 0, (11.1)
B KOTOPOM a3 + a?y + a3y # 0.

ONPEAEJEHUE 1. MHOXKeCTBO BCeX TOUEK ILJIOCKOCTH, KOOPIHHATHI KOTOPBLIX YIOBIETBOPAIOT ypPaB-
Hennio ((11.1)), HaseiBaercst kpueoti (aunued;) emopozo nopadxa.

s BCAKON KPUBOH BTOPOTO TOPSIIKA CYIIECTBYET TPAMOYTOJIbHAS CUCTEMa KOODIWHAT, HAa3bIBAEMAas
KAGHOHUYEeCK0UT, B KOTOPOI ypaBHEHHE 3TOU KPUBOI MMeeT ONVH U3 CIEAYIOIUX BUJIOB:

2 2
x y?
1. e + ol 1 (sJ1mrc)
22 2
2. e + 2o —1 (MHEMBIH 35IHIIC)
22y
3. =5+ =i 0 (mapa MHUMBIX IepPeCEKaIOIMUXCHd MPSIMBbIX )
a
2 2
x y?
4. R 1 (rumepGoua)
22 2
5 — — i 0 (mapa mepecekaromUXCcs MPAMBIX)
a
6. y> =2pr, p>0 (mapa6osia)
7. y* —a?> =0 (mapa mapaJlelbHBIX TPSMBIX)
8. ¥’ +a? =0 (mapa MHMMBIX TTApaJJICJbHBIX TIPSIMbIX )
9. y> =0 (mapa coBna/jarONIMX TPSMbBIX)

VYpasuenne ((11.1)) y1o6HO TakKe 3aMMCHIBATH B BUIE

(@ ) (ZE Z;z) (z) +2(ar as) (z) +a=0

njain



44 3AHATHE 11. KPUBBIE BTOPOI'O IIOPAJIKA. HAYAJIO.

§11.2 DBpIBOJ KAHOHWYECKOTO YPaBHEHUS SJIJIUATICA

ONPEAEJIEHUE 2. 944UNcoM HA3BIBAETCS T€OMETPUIECKOE MECTO TOUYEK TJIOCKOCTH, JIJIsT KOTOPBIX CyM-
Ma pacCTOsHUE JI0 ABYX (DUKCUPOBAHHBIX TOYEK F u Fh 3TOi MI0CKOCTH, HA3BIBAEMBIX (OKYCAMU, €CTh
BEJIMYIMHA TTOCTOSTHHAS .

JJtst BBIBOIA KAHOHMYIECKOIO YPABHEHUs JJIJIAIICA, BbIOEPEM HA-
gag0 O [eKapTOBOW CHCTEMBI KOODJAWHAT B CEPEINHE OTPE3KA M(x y)
1 F;, aocu Ox u Oy HAIpaBUM TaK, KAK yKA3aHO HA PUCYHKE. 1 ’

r

IIycts pnunst orpeska FyFy paBua 2a. Torma B BhIOpaHHOI 2
cucTeMe KOOpAWHAT TOYKM F} m Fy COOTBETCTBEHHO HUMEIOT KO- F (_ c O) OI F (C OT
opaunarsl (—c,0) u (¢,0). O603HauuM uepe3 2a MOCTOAHHYIO, O ! ’ 25
KOTOpO#l roBOpHUTCH B ompesnesenun 3jumnca. Quesuano, 2a > 2¢, to ectb a > c. IIycrs M — Touka
1JI0CKOCTU € Koopaunaramu (x,y). Obo3nadum yepes r1 u o paccrosuus or Touku M 1o rouex Fy u Fy
coorBercTBeHHO. COTJIACHO OTMPEIEIEHUI0 JJIIUTICA PABEHCTBO

r1+ 70 =2a (11.2)

ABAALTNCHA HEOOTOOUMBIM U JOCTNATNOYHBLM YCA08UEM PacTosodcenus movku M (z,y) na dannom sssunce.
Ucnonp3ys dopmysty paccrogHue MexK/1y AByMs TOYKAME [IOJLY4HM

S s v AR SRN s E (11.3)
U3 (11.2) u (11.3) BbITEKAET, YTO COOTHOIIEHUE
ViE+eo2+y2+/(r—c)2+y2=2a (11.4)

npedcmasasem coboti neobxodumoe u Jocmamounoe Ycaosue pacnososcenus mouku M ¢ xoopdunamamu
T u Y Ha darnom ssaunce. Ilosromy coornomenne ((11.4) MOKHO PACCMATPUBATD KAK YPAEHEHUE IAAUNCA.
ITyrem crangapTHOro mprema (YHUUTOXKEHUS PAJIUKAIOB) 3TO ypPABHEHUE TPUBOIUTCSA K BUJLY

=y
StE=b (11.5)
rie
b =a® - ¢* (11.6)

VYHPAXKHEHUE 1. Hanumwmre ypasuenue ssmnca ¢ sepruunavu (1,1) u (7,1), 3nas, 4ro oH kacaercs
ocu Ox.

JIOKABATEJIbCTBO. Bepmuna sjmrnca jexkar Ha ero poKaJIbHON OCH, T.e. PpOKAJbHAS OCh HAIIErO
sutica — 310 npamas y = 1. [lenrp smumnca HaxoauTcd mocepeauHe MeX Iy ero BEPITHHAMHA, T.€. [EHTP
Harero ssuiunca — 1ouka (4,1). 3uauur, Bropas och ssummica — npamag ¢ = 4. Torga 6osbinas 101yoch
suLmiica pagia 3 (paccrosnue ot uenrpa 4o sepiuusbl). Och Oz napasuienbaa GOKaIbHON OCU JLIUICa,
T.e. PACCTOSTHUE OT IEHTpa jumrca 10 Ox — 3T0 MeHbInas noayock. Urtak, a = 3, b = 1, a saaunc nmeer

ypaBHEHHE
(z—4)?%  (y—1)?

R =12 +9y°> — 8z — 18y + 16 = 0.

VYHUPAXKHEHUE 2. Hanumure ypasHeHue sjuimiica, npoxojsiiero yepes3 touky (1/10,0), 3uas, 4ro ero
dokanbaasg och mmeer ypaBHeHue r — 2y = 0, SKCUEHTPUCUTET DABEH \/§/ 2, a ¢OKaJIbHBINA HIAPAMETD
pasen 1.

JIOKABATENBLCTBO. Hopmasb dokanbhoit ocu pasaa (1, — 2), a nanpasnstoumii sBekrop (2,1). Cae-
JIAeM OPTOTOHAJIBHYIO 3aMEHY KOOPIMHAT, HAIIPABUEB HEPBYI0 KOOPJAMHATHYIO OCh BIOJb (POKAJBLHON OCH,
a BTOPYIO BJIOJIb €e HOpMa/id. TobObl 3aMeHa ObLIa OPTOrOHAIBHOM, BEKTOP HOPMAaJIU U HALPABJIAIOIMI
BEKTOP HAJO HOPMUPOBaTh. TOrma MCKOMAas 3aMeHa,

no

8
+
N

u =

S

8
|
N
<

V=

S



11.2. BBIBOJ KAHOHHYECKOI'O YPABHEHIA 9JIJINTICA 45

B HOBBIX KOOpAMHATAX (DOKYCHI IJLINTCA, JieskaTr Ha ocu Ou. st TOro, 9TOOBI CHCTEMa, KOOPAUHAT OBLIA
KAHOHWYECKOI, HEOOXOINMO, ITOOBI IIEHTP CUMMETPHUH JJLINICA TONaJl B Havajao KoopawHat. Torma mHam
OTPEOYETCs eIre CIe/aTh CABUT BIOJb (DOKAJIBHON OCH, T.€. OKOHAYATEIHHO 3aMEHA MMEET BH/T

{u i

S

_ =2y

S

2 2
u v

B 910l cucreme 3/UIIMIC UMeeT KaHOHUYEeCKOe ypaBHeHne — + oh 1. 3Has SKCIEHTPUCUTET U (POKAJIH-
a

HBII TTapamerp, Haiiaem a u b

e= YUt = /32, a =4,
b2 <

Ocraercst HaliTH BeIMYUHY CABUTA Ug. [10ICTABUM B ypaBHEHUE SJUIMIICA KOOPAUHATHI TOYKH T = 4/ 10,
y = 0 u noxy4aum

2¢/2 2 92
(\/1%0)4,_1:1@(2\/54_“0)2:8,

[lonywaem aBa BapmanTa: ug = 0 uam ug = —44/2. B IIEPBOM CJIyYae JJIJIAIC UMeeT ypaBHEHUe

(2z +y)* L (o= 2y)?

=1 212 17y% — 80 = 0.
30 20 & 8x zy + 17y* =80 =0

Bo BTopom ciydae

(Qo+y— 40P (z—2)°

0 5 = le 8z2 — 12xy + 17y — 16710z — 8v/10y + 80 = 0.

VYUPAXKHEHUE 3. Hanumure ypasuenue napabosibl, 3uas ee dokyc A = (—3,1) u pupekrpucy
: x+y—2=0.

JLOKABATEJIBCTBO. PoKaibHASA OCh HApAOOJIbI MEPIEHIUKYIIPHA TUPEKTPUCE, T.€. UMEET YPaBHEHHE
z — 1y + C = 0 n nmpoxogur 4epe3 ¢okyc, T.e. C = 4. llearp O’ KAHOHWIECKOH CHCTEMBI KOODIAHAT
JIEKUT TIOCEPEIUHE MEXKYy TOYKON nepecedenus (HhOKAIbHON OCH U JUPEKTPUCH — TOoUKoi B = (—1,3) —
u dorycom, T.e. O’ = (—2,2). Ocb O'u KAHOHUYECKOIl CUCTEMBI KOODAUHAT HAIIPABJIEHA BJOJb BEKTOPA

|
BA = (-2, — 2), re. el = —(—1, — 1) (3amena momkHa OBITH OPTOMOHAJBHOM, TAK YTO MBI CPA3Y

V2

IPOBE/I HOPMUPOBKY BeKTOpa). Ock O'v Ha/I0 HAIPABUTD MEPHEHIUKYIAPHO (DOKAIBLHON OCH, T.€. BIOJb

IHUPEKTPHUCHI, a 3HAYUT e = —(1, = 1). Urax,

V2
—_1 1
{x——ﬁu—i—ﬁv—l
y=-

%u—%v—i—l

==
(cocraBuiu MaTpUIly U3 BEKTOPOB €1’ U €3'), a Toraa
1

- 1
u==—5T"5BY
vz%x—%y—l—%/ﬁ.

DoKAaTbHBIA TapaMeTp P PaBeH PACCTOSHHIO MKy okycoM A u Toukoii B, r.e. p = 2v/2. Kanonnaeckoe
ypaBHeHne umeer Buza v2 = 2pu, T.e.

(z—y+4)> r+y
T 49
2 7

& 2?4+ 9% — 2zy + 162 + 16 = 0.
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VYOPAXKHEHUE 4. CocraBbre ypaBHeHHE TUIEpOOIbI, 3HAS €e aCUMITOTHI y = 1 4+ 2z u dorambHOe
paccrosinue 2¢ = V5.

JIOKABATEJILCTBO. ACHMITOTHI TUTIEpOOJIBI TIepeceKaTesa B meaTpe O ee KAHOHWYIECKON CHCTEMBI
koopaunar, T.e. O' = (0,1). BucekTpucsl yryios, 06pa3yOUMXCcs IPU IIEPECEYEHUH ACUMITOT — 3TO OCU
KAHOHUYECKO crcTeMbl. B HameM caydae sTu ocu uMeloT ypasaenus y = 1 u x = 0. tax, KanoHm4ueckoe
ypPaBHEHHE Haleil runepOoibl

-1,

a? b2 '
VpapHeHHS aCHMIOTOT HOJYyYalOTCA M3 KAHOHMYECKOrO ypPaBHEHHS OOHYJIeHHEM IIPaBoOil 4YacTH, T.e.
y=1=% Sx, orkyna b = 2a. ®okanbnoe paccrosuue papuo 2¢ = 2v/a? + b2 = 2a+/5, orkyna a = 1/2,

b = 1. Uckomoe ypaBHeHNE
4o —y? +2y—2=0.

YHOPAXXHEHUE 5. Oupenenure aduHHbIN THI KPUBOI BTOPOTO MOPSIKA
222 — 8xy — 12y% — x4+ 26y — 10 = 0.

JIOKA3ATEJILCTBO. Bhimensem MOIHBIN KBaapaT
2% — 8zy — 12y% — z + 26y — 10 = 2 (z — 2y)® — 8y — 12y — x + 26y — 10.
O6o3naunm u = x — 2y. Torma ypaBHeHue nIpuMer BH/I
2u? — 20y — u + 24y — 10 = 0.

Ere pa3 BbiessieM TOIHBIE KBAAPAThI

2 2
1 1 3 36
2(u—=>) —=—20(y—2 2 _10=

O6o3nauum v = u — i, z=y— g Tonyuum ypasuenune
2% — 2022 — 2,925 = 0.

OrBer yxKe siCeH, HO MOXKHO MPUBECTU YPABHEHNE K KAHOHUYIECKOMY BHUIY. Pasmenum obe gactu Ha 2,925
- 2 _ /_20 2 2 _
n obozHaIUM & = 50550s 1 = \/ 5995 % OxkonvarenbHO ypaBHenne npumer Buj £ — n° = 1. [loayunian

runepOoy. |

§11.3 NMuaBapumaHTbI KPUBOII BTOPOIroO MOPSAKa

OINPEAEJIEHUE 3. HMueapuanmamu KPUBOH HA3BIBAIOTCS TAKWE BHIPAYKEHHsI, COCTABICHHBIE N3 KO-
duImeHToB ee ypaBHEeHHs, KOTOPbIE HE MEHSIOTCS MIPU MEPEXO/e OT OHON MPAMOYTOIBHON JeKapTOBO
CHCTEeMbl KOOPJMHAT K JIPYTOil TAKOH Ke CUCTEMe, TO €CTh [PU NOE0POMAT OCeHl KOOPIUHAT U IIPU NaPaL-
AEADHBLT TIEPEHOCAX OCei.

s onpenenenus TUIA KPUBON He ODs3aTE/IbHO MPUBOIUTL €€ K KAaHOHWYeCKOMy Buiay. Jlocrtarodno
BBIUHCJIATH 3HAYEHUS UHBaAPUAHMO8. VX 3HAYeHNS He MEHHAIOTCH [IPU OPTOrOHAJIbHBIX 3AMEHAX KOOPIH-
HaT, pyu apUHHBIX 3aMEHAX WHBAPUAHTHI MeHATCA. OIHAKO 3HAKN WHBAPUAHTOB HE MEHSIIOTCS U MPU
a(UHHBIX 3aMeHaX, & TUX 3HAKOB JOCTATOYHO i Kjaccudukanuu. Utak, mycTs JaHa KpuBas

a112% + 2a122Y + agy® + 2a137 + 2a23y + azz = 0.

Ob6o3ra49uM
ai1  aiz2 a13
I = a1y +as2, Ir=ajjamn —aly, Izy=det a2 axn a;
a3 az3z  as3
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— 3TO U €CTh WHBAPUAHTHI. [IPUTOIUTCS €Ie TOTyUHBAPUAHT (OH HE MEHSIETCS TP OJHOPOIHBIX OPTOrO-
HAJIBHBIX 3aMEHAX)
* 2 2
15 =ajia33 — aisz + agea33 — as3.

Krnaccudpukanysa BBITISIAT TaK:

Iy >0, I1 I3 < 0 — sunce, Kanouuueckoe ypasuenue 2 + 2 = 1,

I, >0, I; I3 > 0 — MHUMEI 3UTHIIC, KAHOHIYECKOe ypaBHeHne 2 + 32 = —1,

I, >0, I3 = 0 — mapa MEIMBIX TIePECEeKAIOIIIXC IPAMbIX, KAHOHIIECKoe ypasHenue 2 + y? = 0,
I, <0, I3 # 0 — rumep6o/a, KaHOHHIECKoe ypasHeHHe 2 — y? = 1,

I, <0, I3 = 0 — 1mapa nepecekarolmxcs IPAMBIX, KAHOHHYeCKoe ypasaenue 2 — y2 = 0,

I, =0, I3 # 0 — napabosa, KAHOHHYECKOe ypaBHeHue y? = 2x,

I, =0, I3 =0, I} <0 — napa napa/uie/bHbIX IPAMbBIX, KAHOHHYIECKOe ypapHenue 22 = 1,

I, =0, I3 =0, I} > 0 — napa MEAMBIX Tapa//eJbHBIX MPAMbBIX, KAHOHHYECKOe ypaBHenue 12 = —1,
I, =0, I3 =0, I = 0 — napa cOBNa/JaloMuX NPAMBIX, KAHOHUYECKOe ypaHenue 12 = (.

Bymem rosopursh, 9TO

e Ilpu I> > 0 ypaBuenue 3a/2€T JIMHUIO 3AAUNMUYECKO20 THUIIA;

e Ilpu 5 < 0 ypaBuenwue (|11.1) 3amaer uHUE 2unepOOAULECKO20 TUTIA;

e [Ipu I» = 0 ypaBHeHUe 33/1a€T JIMHUH NaPaO0AUNECK020 TUIIA;
ONPEAENEHUE 4. KpuBas BToporo mopsijika Ha3bIBAETCSA HeBbpodtcdenmot, eciu I3 # 0
Hesbipok iernHast KprBast BTOPOTO MOPSIKA HA3BIBACTCS UeHMpasbHotl, ecin s # 0
HesbIpoxkenHas KpuBasi BTOPOTO IOPSI/IKA HA3BIBACTCH HEUEHMPasbHol, ecan Io = 0
Nrak, HEBBIPOXKIEHBIE KPUBBIE — ITO AAAUNC, MHUMBLY dA4UNC, 2unepboaa, napaboaa.
ONPEOEJNEHUE 5. KpuBas BTOPOTo MOpsIKA HABBIBAETCS 6uipotclennod, ecan I3 =0

BrrpoxkieHHBIE KDUBBIE — 3TO NAPAE MHUMBT NEPECEKANOULUTCA TIPAMDBIT, NAPE BEULECTNEERHHIT Nepe-
CEKAOUUTCA NPAMBT (6bPOdHCIEHHAA 2uNepbosa), NaPa BEULCMEEHHBLT NAPAAACALHUL NPAMILL, 00HA
sewWeCMEenHas NPpamas (06e co6Nadaouue NPAMbLE), NAPL MHUMBLE NAPAAAEALHOLT NPAMBT (HU 00HOT
sewecmeenHol mowku).

YTPAXXKHEHUE 6. Ilpu  kakom 3HAYEHUH  TapamMerpa A € R  kpuBas
42?2 — 4dxy + (1 — N)y? — 62 + (3 — Ny + 4 = 0 3agaer napabosy?

JIOKABATEJILCTBO. Borauncisem

| 4 —2X| 9
.[2—‘_2)\ 1_)\‘—4—4)\—4)\.
—1++/5
Torga I =0 \ = % Brraucasem
4 —2A -3

Iy=|-2\  1-X (3—=X)/2|=-23A2+17A—2.
-3 (3-))/2 4

17 ++/105 —14++5
—, T.€. Ip

OTO BhIparKeHNe 0OPAIIAETCS B HOJIb TIPH \ = 16 A= — umeem Iz # 0.

—1++5

A=
OTser 5



Sangrue 12

Kpusbie BTOoporo nopsiika. Okondanue

Mmuorure BaXkKHbBIE CBOHCTBA KPUBBIX BTOPOTO MOPSIKA MOTYT ObITh M3y9YeHBI IPU IOMOIIU TaAPGKMEPU-
cmuveckot k6adpamuynot Gopmot, COOTBETCTBYIONIEH yPABHEHUIO KPUBOM

Fy (z,y) = ana® + 2a122y + azy’. (12.1)

Tak, naupumep, nepbipoxkaennas kpusas ([o 7 0) OKa3bIBAETCS BELIECTBEHHBIM JLIUIICOM, MHUMBIM 3JI-
JIMTICOM, TUTEPOOIIOi Min TTapabosoi B 3aBUCHMOCTH OT TOro, Oyaer nu Fy (,y) MOJIOKNUTETHLHO Onpe/e-
JIEHHOM, OTPUIIATETIHHO ONPEIETIEHHON, HEOPEIETEHHON WIIH TTOJTYOIIPEIeIEHHOM KBAIPATUIHOM (hopMOit,
9TO YCTAHABIMBAETCS TIO KOPHAM XapaKTEPUCTUIECKOTO YPABHEHUSI:

aip — A a2

_ 2 _ . —
i gy — A| = Owmma A =11 - A+1,=0 (12.2)

KOpHI/I 9TOTO YPaBHEHUA ABJIAIOTCA CcOBCMBEHHBLMU 3HAYEHUAMU BeIHeCTBeHHOﬁ CI/IMMeTpI/ILIHOfI MaTpPHUIIBI

an a2
(a a H, KaK CJIeJCTBUE 3TOr0, BCEr/1a BEIEeCTBEHHbI.
12 a22

OnPEAEJNEHUE 1. Jluamempom KpUBOH BTOPOTO MOPSAIKA HA3ZBIBAETCS TEOMETPUIECKOE MECTO CEPEINH
MapaJiIeIbHBIX XOP/ 3TOH KpuBoit. [losydyeHubrit TakuM 0Opa30M AUAMETDP HA3BIBAETCH CONPANCEHHBLM
9TUM XOPJAM HJIU UX HAIPABJICHUIO.

JuameTp, CONpsizKEHHBIH XOpaM, obpasyoiuil yroa 6 ¢ mojoKuTeabHbIM HanpaBiaenuem ocu O,
olpeje/dercs ypaBHeHueM:

(a112 + a12y + a13) - cos 0 + (a122 + a12@ + azey + asz) - sinf =0 (12.3)
Ecam Bemonmsiercsa ycaosne Io # 0, TO BCe JuaMeTphl KpUBOI TIEPECEKAIOTCS B OQHON TOYKe — MEHTPE,

a cama KpuBas Ha3bIBaeTcsd yenmpasvroli. B nporusrom ciaydae (Io = 0) Bce auamerpbl KPUBOIi 6O
rapaJsiieIbHbl, JU00 COBIAIATOT.

Koopaunarst uenrpa (xo, yp) OUPEAENAIOTCS CUCTEMON ypaBHEHUI:

a11xo + ai2yo + a1z =0

(12.4)
a12%0 + a2yo + ag3 =0
Pemias 3Ty cucreMmy OTHOCUTENBHO Lo U 1Yg, Oy IUM:
1 la;z a a1 - a3 —aiz - a
12 11 * G23 13 * (22
Tog=—— = (12.5)
12 azs a9 12
1 l|a a aiz - aio — a1+ a
11 Q13 13+ @12 11 - 023
Yo = —— - = rae In # 0 (12.6)
I, |a12 ag3 I ’

48
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Ecan kpuBag menTpasibHas, TO MEpeHOC HAYAIa KOOPAWHAT B €€ TEHTP MPUBOIUT YPaBHEHWE K BUIY
ai - X?+2a10- XY +axp Y24+ 22=0 (12.7)
rme X = — 20, Y =y —you X, Y — KOODAWHATHI OTHOCUTETHHO HOBOM CHCTEMBI.
IIycTs Ham maHO ypaBHEHWE KPUBOH BTOPOIO MOPSIKA
a112? + 2a100y + agy® + 2a13 + 2a23y + agz = 0.

Adunnbie 3aMeHBI O3BOJISAIOT JIUIIL OMPEJEIUTH THII KPUBOW, METPUYECKHE XAPAKTEPUCTUKYU KPUBOM
[IPY TAKUX 3aMEHAX MEHSIOTCH. UTOOBI ONpPEne/nTh MOJIOKEHNEe KPUBOM HA, TJIOCKOCTH M BCE €€ XapaKTe-
puctuku (raaBHble 0CH, (POKYChI, SKCUEHTPUCUTET U T.J.) HEOOXOAMMO HAWTU OPTOTOHAJIBHYIO 3aMEHY
KOOp,ZLI/I;IaT, B KOTOPO# ypaBHeHUe IIpUMeT KaHOHUYECKUI BUJI:

&

" + = =1,a > b >0, — smnurmc,

& .

3t = —1, a > b > 0 — MHUMBII d5IHTIC,

52

=+ n? =0, a > 1 — mapa MHUMBIX MePECEKAIONIHXCH TPAMBIX,
e o

3 — = =1, a, b >0 — runepboa,

52

i 2 =0, a > 1 — napa nepecekaromuxcs MPAMbIX,

n? = 2p€, p > 0 — mapaborna,

€2 = a2, a > 0 — mapa HapaIIelbHBIX IPSMBIX,

€2 = —a?, a > 0 — napa MHUMBIX HAPAJLIEILHBIX IPAMBIX,
€2 = 0 — napa COBIAJAIONIUX IIPAMbIX.

J71s1 TOTO, UTOGK! HANTH TMOIXOISAIIYIO 3aMeHyY, TIPOIIE BCErO IeHCTBOBATH TI0 CJIETYIONIEMY AJTOPUTMY.
ai;r — A aiz

= 0 u HAllTH ero KOPpHA \q
aip  az— A

[MMar 1. 3Banucars xapaxmepucmuyeckoe ypasuenue det <

1 Ay — ZaAPAKMEPUCTNUYECKUE YUCAQD.
[Tar 2. [Iaa KayKI0TO XapaKTEPUCTUIECKOTO UUCIIa, PENIATh CUCTEMY

(@11 — Nz + a2y = 0,
a122 + (az2 — Ay = 0.

Ee pemenme Oymer OmpenesieHO ¢ TOYHOCTBIO [0 MHOXKHTEIA. JTOT MHOKHTENb HALO IOOOPATh TAK,
aro6et 22 + y2 = 1. Homyuarcs 1Ba BeKTOpa €] = (c11,C21) — pemenwe aas A = A\ u e = (c12,Ca2) —
pelrenne st A = Ay — coOcmeeHHble 8eKmopol.

11 C12
C21 (22
IATENbHBIN, TO HAJI0 IOMEHATH HYMEPAIHIO BEKTOPOB — CIEJIATh BEKTOP e IEPBLIM BEKTOPOM Oasmca, a
BEKTOP el — BrOpbIM. [ljisi CMEHbI OPUEHTALMU MOXKHO TAKKE IOMEHSATh 3HAKU KOOPJIMHAT OMHOIO (JIIO-
6oro) 6a3UCHOrO BEKTOPA.

[Tar 4. Hano cmenarsb 3ameny

Tar 3. Hazxo npoBepuTb OpueHTAIMIO HOBOI'O 0a3uca — HAWTHU OIPE/IeIUTEb . Eciin on orpu-

T = c11u + c12v,

Y = C21U + C220.
Ecnu Bce ObLIO ce/1aHO TPABUIHLHO, TO YPABHEHNE KPUBOW MPUMET BU,
A u? + Aov? + 2byu + 2b2b + by = 0,

TIe A1 U Ay — XapaKTePUCTHIECKHe JUCIa, a by, by n b3 — mMpoCcTO KAKMe—TO JIUCA.
[MTar 5. Hapo capunayTh MEHTP KOOPAUHAT, CIeJaB eile ofaHy 3ameny & = u + by, 1 = v + by. [lonyuaurca
HCKOMOE KAHOHUYECKOE YPABHEHUE.
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YHnPAXXHEHUE 1. IlpuBemnte KpUBYIO BTOPOTO TOPSIIKA
522 4 6zy + 5y° — 8V2x — 8V2y — 10 =0

K Kanouudeckomy Buy. Haitnure hopmysibl iepexona K KAaHOHHYECKO# cucreMe koopauaar. Oupemenure
TUII KPDUBOH U BCe ee OCHOBHbIE XapaKTePUCTUKU.

JOKA3ATENLCTBO. Illar 1. CocraBiisieM u periaeM XapakKTePUCTUIECKOe yPABHEHUE

5—A 3
3 5—A

‘:16—10/\4—)\2:0@)\1:8,)\2:2.

[Tar 2. [ToacraBasiem \; = 8 u peIaeM CUCTEMY

—3x+ 3y =0,
ST =Y,
3z —3y =0,
T.C. e_f = 1.(1,1) (b1 cpa3y mposesu ero HOPMHUPOBKY ). IloncTaBisieM Ay = 2 U PEIIaeM CHCTEM
5L pasy 1up PMHUPOBKY p y
3x+ 3y =0,
==Y,
3x+ 3y =0,
re. e = 45(1,— 1).
[Mlar 3. OupeensieM OpUEHTAIIUIO: %g 11//\{/% = —1 < 0. I cMeHbI OPUEHTAIMK IOMEHSIEM Ha-

— —
IpaBJieHue BEKTOpa e5. C 3TOro MOMEHTa €5 = %(—1,1).
Tar 4. Jdenaem 3ameny
1, _ 1
{I = U= 50
" 1
y=put 5zv
YpaBHEHIE KPpUBOH IPUMET BHT,

) 6 5
§(u—v)2+§(u2—v2)+§(u+v)2—8(u—v)—8(u—|—v)—1O:O<:>4u2+v2—8u—520.

ITar 5. Beraenum moHbINH KBaapaT

_12 2
M_F’Ui:l.

du—12+0*-9=0« 5/ 5

IMockosbky 9 > 9/4, To KAHOHUYECKUE KOOPAMHATHL 0J0KUM § = v, ) = 4 — 1. OKOHYATEJbHO, IIEPEXO/]
K KaHOHUYECKOMY 6&3I/ICy numMmeeTr BUu/L

{xz—g5+;§n+j§, @{fz—jiﬂjiy,
y= 55+ 0+ o5 n=Jdsr+Fy—1.
B xanonmyeckom 0a3uce ypaBHEHUE IPUMET BU]L

e

Sy
9 "o/

BbiBOabI: KpuBasi BTOPOroO MOPSIKA ABJSETCH HJIJIMICOM, €ro MmoJyocH paBHbl @ = 3 u b = 3/2, dbokab-
noe paccroguue 2¢ = 2v/a% — b2 = 3+/3. @okycel naxonarca B Toukax (£¢,0) B KAHOHHYECKOil cucTeMe
KOOPJMHAT, T.€. B TOYKAX

po_ (2-3V8243v3) 0 (2+43V32-3V3
Tl v T2z ) TP 22 T 2




51

B MCXOIHOH CHCTeMe KOODIMHAT. JKCIEHTPHCHTET paBeH ¢ = c/a = +/3/2, doxampubii mapamerp
p = b?/a = 3/4. ®okanpHas ock umeer ypasuenue 1) = 0, T.e. £+y = /2. JIMPEKTPHUCH IMEIOT YPABHEHHS
£ =+a’/c= +2/3, re. y — x = +2v/6. Ocu cumMmeTpum: mpaMble y = T U T + Y = /2 (monygarorcs u3
ypasuenuit £ = 0 un = 0). |

VYIHPAXKHEHUE 2. llpuBeaure KpuBYI0 BTOPOrO MOPSIIKA
z? + Aoy +4y? — 4z —8y+3=0

K KaHonudeckomy Buy. Haitmure bopmyiibl epexosia K KaHOHHYeCKOoi cucreme koopaunar. Oupeesure
TUTI KPUBOH M BCe ee OCHOBHBIE XapaKTEPUCTUKM.

JTOKA3ATENLCTBRO. Illar 1. CocraBisem u peraeM XapakKTePUCTHIECKOe YPABHEHHE

’1” N S S C S I WY N Ve

2 4—/\’

[MTar 2. [ToacraBasiem A\; = 0 u peraemMm CUCTEMY

2 = 0,
{IJF : & =-2y,

2z + 4y =0,
Te. & = %(2, — 1) (MBI cpa3y mpoBesm ero HOpMuUpPOBKY). ITomcrasisieM Ay = 5 U permaeM cucremy
—dr+2y=0
=0 4 y = 2,
20 —y =0,

2/V5  1/v/5

[MIar 3. OnpenenaseM OpHEHTAITHIO: ‘_1/\/5 2/\/5 =1 > 0. Hudero MeHsTh HE HA/IO.

[Tar 4. denaem 3ameny

1

_ 2 1
:cfﬁquﬁv,
y:—\/gu—&—%v.

YpaBHeHUE KPUBO MPUMET BUJ,

502 — 4B +3 = 0.

5(1}—;5)2—120

KanoHwndeckne KOOPAUHATHI MOJIOKUM & = v — 2/ V5, 1 = u. OKOHUYATEIBHO, MEPEX0]] K KAHOHHIECKOMY

0a3ucy MMeeT BUI,
_ e, 2,02 _ L2, 2
{x_ﬁ’5+¢5’7+5’ @{5_\/53;+\/5y v
_ 2 1 4 2
y=5t- BT

[Tar 5. Beroennm mMOJIHBIN KBagpaT

— 2, L
n="ET— Y

B kamormueckom Oasnce ypaBHEHHE IPUMET BH

€=

£
BbiBosibl: ypaBHEeHUE 3a7aeT HA IJIOCKOCTH APy MapalIesbHbIX HpaMbix f1 @ =z + 2y —3 = 0 u
ly: x4+ 2y —1 = 0. Paccrosiaue Mexk1y NMpsiMbIMUA PABHO 2/\/5 Ocu cummerpun: npsimbie & + 2y —2 =0
u 2z —y = 0 (monyuarorcs u3 ypasuenuii £ = 0 u 1 = 0). |

VYHOPAXKHEHUE 3. He npuBoas ypaBHeHne K KAHOHHYECKOMY BULY, OIPEIe/INTe, TPU KAKUX SHAYCHUAX
mapameTpa [ KpuBad BTOPOro mopaaka x2 + 6zy + uy? + 2x — 5 = 0 asigerca napabosoii. Haitmure
dOKaTBHBIN ITapaMeTp 3TOU mapabOJIbI.
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JOKABATEJILCTBO. Bocrons3yemcst nuBapnantamn. Vveem

13 1
‘:u—g, Is=1{3 u 0|=45—6p
1 0

1 3
11:1—|—u, 12:‘
-5

3 p

KpuBas sapisercsa napabosoit B Tounocru torja, korga Is = 0, a I3 # 0, n.e. upu g = 9. Eciu mbr
3almIIeM KaHOHIYECKOe ypaBHeHue 31ofl napabosst n° = 2p€, o I = 1, I, = 0, a I3 = —p?. [Tockonbky
Bhipakenus I, Io, I3 NHBAPUAHTHI, T.€. HE MEHSIIOTCS MPU OPTOTOHAJBHBIX 3aMEHAX KOODIWHAT, TO MbI
MOXKEM BBIYUC/IUTD UX 3Ha4YeHus B Koopauuatax Oxy. Umeem p =9, I; = 10, I, = 0, I3 = —9. 3amerum,
9TO ypaBHEHHE BCEra MOXKHO YMHOXKHUTH WJIU MOJAEJUTH HA HEHYJIEeBOH KOI(M UIMEHT — I3TO HUKAK HE
MeHsieT KPUBO BTOPOro mopsiaka. [lockonbKy Mbl xoTuM mosyduth I; = 1, pa3zenum Haie ypaBHEHUE
Ha 10, T.€. 3anUIIEM €ro B BUJIE

2 2

T 3zy 9y z 1

—t—+—+-—=-=0

10 + 5 + 10 * 5 2

3
Teneps yxe [1 = 1, a I3 = —9/10. Tlockonbky I3 = —p? u p > 0, TO momydaem p = \/7170 |
2?2

VYHPAYKHEHUE 4. CocraBbTe ypaBHEHUS KACATEIBHBIX K runepbosie i 1, mpoxXoaAmnX Tepe3

rouky (0,1).
JIOKA3BATENBLCTBO. Kacarenbuas k kpusoii F(z,y) = 0 B Touke (xo,yo) 3a1aeTcs ypaBHEHUEM
Fy(20,0) - (¥ — w0) + Fy(0,%0) - (¥ — yo) = 0.
B nmamem ciyvae nmeem

To 2y0

E(I—Z‘o) - %(y—yo) =0.

IMoucrasnsig ciona x = 0, y = 1 1 yuurbiBas, 410 TOUYKa (T0,Yo) AOJIZKHA JIeKATh HA runepboJie, Loy IuM

cucTemMy
2 2
Zo 2yo—2y5 =0 —_3
_ Ty _ 2Yo—2Yp _ 0= —
L2 3 ) PN Y ’
To _ Yo _— 1, To = +4.

4 3

M

IMonyuaem ape kacarenbubix: £+y—1=0u x—y+ 1 = 0. [lepsag kacaercs runepbosbt B Touke (4, — 3),
a Bropas — B Touke (—4, — 3). |

VHOPAXKHEHUE 5. Hammmure ypaBHeHHS aCHMITOT rHIep6osnt 6x2 — Try — 5y + 13y — 17 = 0.
JIOKA3ATE/IBLCTBO. KoHEdHO, MOXKHO HAWTH KAHOHWYECKYIO CHCTEMY KOOPAMHAT U KAHOHUYIECKOE

. n
ypaBHEHUe TuepbosIbl, HATUCATH B KAHOHWYECKOW CUCTEME YPABHEHHUsI ACHMIITOT — = :I:g U 3aTeM Bep-
a

HYThCsS K UCXOTHON KOOpAMHATHOM cucTeme. MoxKHO 0aHAKO TocTymuTh mpoirne. Hano maiitn takoe ypas-
menne upamoit Az + By + C = 0, moacTaHoBKa KOTOPOii B yPABHEHHE MHIIEPOOIIBI COKPAIIAET CTAPIINE TI0
LOPs/IKY CJlaraeMble IPU T,y — 0O (Belb B 9TOM U €CTh CMbICJI ACUMUTOTBL). 3aMETUM CPa3y 2Ke, 4TO Lps-
Mas ¥ = const He TIOJOHIET — claraeMoe —5y? He COKpamaeTcs. 3HAUUT, aCHMITOTHI He BePTUKATbHDI,
T.e. UX MOXKHO MCKaTh B BuJe y = kx + b. Iloacrasisem u nomyuaem

2%(6 — Tk — 5k?) + z(—7b — 10bk + 13k) + (13b — 17 — 5b*) = 0.

3uaunT, mapaMeTpsl k 1 b HaA0 WCKATH TAKUMH, ITO

6 — Tk —5k2 =0,
—17b — 10bk + 13k = 0.

Pemas nepsoe ypasuenue, nonaydaem k = —2 uiu k = 3/5. llpu k = —2 naxomum b = 2, a npu k = 3/5
nosnygaem b = 3/5. Urak, ypaBuenus acumnror: y = —2x + 2 u by = 3z + 3. ]

VHOPAXKHEHUE 6. Haiinure ocu cummverpuu kpusoit 222 + 3zy — 292 + 7o —y +2 = 0.
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JTOKABATEJLCTBO. Haiinem xapakrepucruueckue uncia. st y1o0CTBa YMHOKUM MPEIBAPUTETHHO
ypasuenne Ha 2. Torma

4—-X 3 2

‘ 3 _4_)\—)\ —25=0,
Te. Ay = —5, Ao = 5. Temepn HaiizeM COOCTBEHHBIE BEKTODBI (HOPMHPOBATL WX He 00g3aTesIh-
Ho). Ilpm A = A mmeem 9z + 3y = 0, Te. & = (1, —3). Hpu A = Ay mveem —z + 3y = 0,
T.€. e_2> = (3,1). Ocraerca wuaiitu ueHrp KpuBoi. ljisi TPOU3BOJILHON KPHUBOW BTOPOrO IIOPSIKA

a112% + 2a122y + agey? + 2a137 + 2a93y + azz = 0 ero MOKHO HANTH, PELIUB CHCTEMY yPABHEHHIT

anx +appy +aiz =0,
a12% + ag2y + azz = 0.

B mamem ciaydae nosydaem ¢ = y = —1. Ocraercs MpoOBECTH 94epe3 3Ty TOUKY MPSIMbIE C HATPABJIAIOIIME
BEKTOPAMU €] U €3.
OrBer: #1: 3x+y+4=0uly: z—3y—2=0. ]



Saugrue 13

IloBepxHOCTU BTOPOrO IMOPLAIKa

§13.1 CocraBjeHue ypaBHEHHI MOBEPXHOCTEMN

OnPEAENEHUE 1. Iloseprrocmovio 6mopozo nopadka HA3BIBAETCS BCSIKOe MHOXKecTBO ® Tovek mpo-
CTPAHCTBAa, KOTOPOE B HEKOTOPOit addunnoit cucreme koopauaar Oxyz MOXKET OBITH 33/ IaHO YPABHEHUEM
BTOPOIl CTelleH!, HA3bIBAEMbIM KBAaJIPUKOM:

F(2,y,2) = a112? + axy® + a332> + 2a120y + 261312 + 2a23y2 + 2012 + 2a2y + 2a3z +ag = 0, (13.1)

rjie T, Y, 2 — KOOPJIUHATBI TOYEK ITIOBEPXHOCTH, @11, G422, 433, A12, @13, 423, A1, A2, A3, Gy — JAEHCTBUTE/IbHBIE
qucia.

ONPEAEAEHUE 2. Keadpamuunoti wacmuio ypapnenns HazoseM q(z,y,z) = a11x? + agny? + azzz? +
+ 2a12zy + 2a1322 + 2a23yz, 00HOPOOHOT Aunelnol wacmblo ypaBHenus HazoBeMm f(x,y,z) = 2a1x +
+ 2a2y + 2a3z.

Ecau BBectu obo3navenusa

a1l aiz a3 a1
a1l aiz ais

x
a1z a2z G223 @2
Q:= a2 ax axs]|,A:= , L= (a,az2,a3), X == |y ],
a1z G23 a3z a3 i

a13 a2z G33 a as as  agp

TO YpaBHEHUE TPpUMET BUJI:

(:E7 y’ Z? ]‘)A

_= N 8
Il
o

TEOPEMA 1. lna mo6oi#t KBAAPUKHU CYIIECTBYET MPAMOYTOIbHASA CHCTEMa KOOPIUHAT, B KOTOPOIl OHa
UMeeT OJIUH U3 cJieyonux 17 Busios:

1.a>0,b6>0,c>0

2 2 2
% + 3;—2 + z—z =1 (2nnuncoud)
2.a>0,56>0,¢c>0
2 2 22
= + = + 5= -1 (MrumbL sa0uncoud)
3.a>0,b6>0,¢c>0
2?2y 22 y
—+5-==1 (odnonosocmuwnii 2unepboaoud)

a? b2 c?
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11.

12.

13.

14.

15.

16.

17.

COCTABJIEHIUE YPABHEHHII IIOBEPXHOCTEN 55
.a>0,b6>0,¢>0
2 ; ) . ;
At E 2= -1 (deynoarocmuwili 2unepboroud)
.a>0,b6>0,¢>0
2 2 2
25 %5——-25 =0 (Komyc emopoeo nopadka)
a>0,0>0,¢c>0
22 2 52
o + 2 + 2= 0 (MHuMmbLl KOHYC 6MOP020 NOPAJKA,)
q>0,p>0
22 2
—+==2z (2nnunmumeckuti napabosoud)
p q
p>0,g>0
22 42
——==2z (2unepbosuneckut napaboroud)
p q
a>0,b>0
22 42
el + = 1 (sanunmuneckutd yusunop)
a>0,0>0
2 2
oyt . . P
PR -1 (MruMmbLl dasunmuveckut yuaundp)
a>0,0>0
22 g2
— + 2o 0 (dee mHuMbLE NEPECEKAVULUECA NAOCKOCTIY)
a
a>0,b>0
22 2
5@,4,g5,2:1 (2unepbosuneckuti yuaundp)
a>0,b>0
22 2
el =0 (dee nepecexarouguecs naockocmu,)
p>0
v = 2px (napabosvueckut yuaurdp)
a>0
y? = a? (dee napanseavuvie naockocmu,)
a>0
y? = —a? (dse mHUMbBLE NAPAALEABHBLE NAOCKOCTIU)

> =0 (dee cosnadarougue naockocmu,)
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SHeMeHTaprIM METOAO0OM NIPUBEIECHUA ypaBHeHI/Iﬁ K KAaHOHUYECKOMY BUY ABJIACTCA METOJ] .Harpaﬂma.
OH 3aKkI04aeTCI B BBILICJICHUHN IIOJTHOT'O KBaJapaTa.

VYOPAXKHEHUE 1. Onpezenure adpuHHBI TUI TIOBEPXHOCTH BTOPOTO MOPSIIKA

xy + 422 + 202 —yz — 4z — 3y — 6 = 0.

JIOKABATEJILCTBO. 3aiiMeMcst BbIIeJIeHUEM TIOJHBIX KBaaparos (Merox Jlarpanxa)

r y\2 2?2 Yy Say
1(z+5-2) -5 -+ 2 sy -6
z+4 3 1 16+ 1 z—3y—6=0
r y
O6O3Ha‘{I/IM£:Z+Z—§,HOI{y‘{I/IM
452—1(x2—5xy+16x)—y—2—3y—6=0
4 16 '

HpO,I[OJ'I)Ka,eM BBIICJIATH IIOJITHBIEC KBa/JAPaThI:

2 2 2
1 oY 1 /5y Y
462 -~ [z - =438 - (= -8) —%=-3y—6=0.

¢ 4(”” 2+)+4<2 ) 16 Y

5
Ilycts n =2 — ?y + 8, Torza

2 32
452—%+%—13y+10:0.

Haxownerr, BbIesieM TOCJAEIHUN KBa paT

2 2
2 3 13 169
a2y 2 (o2 S22 L 10=0
¢ 4+2(y 3) 6 T ’

n, 0603HaNB ( = Y — 3 MOJIyYaeM ypaBHEHHUE

2 3¢2 109
qe2 - N Y,
St o 7

3HauuT, nepel HAMU OIHOMOJOCTHBINA TUITEPHOTON,I. |

VIIPAXKHEHUE 2. Ilycrs B R? cuenanu abunnyio sameny koopaunar ¢ marpuuein Ipama G. Kax
TEOMETPUYECKH BBITJISIUT TEMEPh E—OKPECTHOCTH MPOU3BOJIHHON TOYKU?

JIOKABATEJILCTBO. Ilycth Touka umeer KoopauHaThbl (Xo,Yo,20) (B HOBOI CHCTEME KOODIUHAT).
OxkpecrHOCTb pajuyca € 3ajaerca yciaoBueM |(z — xo,y — Yo,2 — 20)| < € (paccrognue TOKe HAJO CYUTATD
B HOBBIX KOODIUHATAX). VICIOMB3yst METPUIECKYIO MATPUILY, IOy IUM HEPABEHCTBO

g11(z — 20)” + g22(y — o) + g33(z — 20)° + 2912(x — o) (y — yo) + 2913(x — 20) (2 — 20)+
+ 2923 (y — o) (2 — 20) < €.
Cremnaem CIBUT U = T —Tg, U = Y — Yo, 2 = Z — 29 ¥ IONPOOYEM KIACCH(PAINPOBATH FPAHHILY OKPECTHOCTH

— KPHUBYIO
g11U° + ga2v? + gzzw? + 2g19uv + 2g13uw + 2gazvw = 2.

I1s 3TOrO0 HAaliIEeM WHBAPUAHTHI

I = gi1 + go2 + 933, L2 = g11922 — 91 + 911933 — 913 + 922933 — a3,
Iy =detG, I4=—c?detG.
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Buaum, uto (cM. KoMMeHTapuii mocie saaaqﬂ L >0,I,>0,I3 >0, Iy <0, T.e. HAIIIA TOBEPXHOCTH —
snmnconsi. MOKHO elne 3aMeTHTh, 9TO TOUKa (,v,w) JEeKUT Ha TIOBEPXHOCTH B TOYHOCTH TOTJA, KOT/A
HA [TOBEPXHOCTH JIEXKUT TOUKA, (—u, — ¥, — W), T.€. HOBEPXHOCTb CUMMETPHYHA, OTHOCUTEJIBHO (Z0,Y0,20)-
OTBer: reoMeTpUYecKd OKPECTHOCTH €CTh BHYTPEHHOCTH HEKOTOPOrO 3JIUIICOMIA C IEHTPOM B TOYKE
(70,Y0,20)- u

ONPEAEJIEHUE 3. ByneMm HA3bIBATH 9HCIA A1, A2, A3 COOCTNEEHHBIMU SHAYEHUAMU MATPUIIHI () TAKHUE,
aroVi=1,2,3

det(Q—E-X\) =0 (13.2)
ain — A a12 a3
[Iportie roBOPs, HY?KHO COCTABUTDH XaPAKTEPUCTUIECCKOE YPABHEHHE: asq o9 — A\; a93 =0u
asy ass azz — A

HANTH ero KOpHU A1, Az, A3.

TEOPEMA 2*. Ilycrb B HEKOTOPO# IIPSAMOYTOIBHON CHCTEME KOODAMHAT 3a/IaHa KBAJAPATUIHAS ACTh
q(z,y,z). Torpa naiinercss apyras HPAMOYIOJIbHAS CACTEMA KOODIMHAT C T€M K€ HAYaJIOM, B KOTOPOIl
KBaJIpATUYHAA YaCTh ITPUMET JIMArOHAJILHBIN BUJ,

@y, 2) = (@) + - ()2 + A (2)2 (13.3)

IIpu sTom \; — cobcrBenble yncia MaTpulbl (), a Hepexo/l K HOBOH CUCTeMe KOOPAUHAT 3a,/1aeTCdA apUHHON
J )

3aMeHOIl, B KOTOPOIl BEKTOP CIBUTA PABEH HYJIIO, 8 MATPHUIA OOPATHON 3aMEHBbI COCTABIEHA U3 COOCTBEH-

HBIX BEKTOPOB MATPHUIIBI (), 3AIMMCAHHDBIX O CTOJIOIAM.

VYHNPAXKHEHUE 3. IlpuBeanre moBepXHOCTH BTOPOIO MOPSIKA
822 +8xy + 52 +1222 + 12z —ax+2y—2—-1=0
K KaHoHudeckoMmy Bumy. Haitnure hopmymb epexona K KaHOHHIECKOo# cucreme koopauaar. Omupeaenure
THII TOBEPXHOCTH.
JOKABATEIBCTBO. [Ilar 1. Haiinem xapakTepucTHIECKHE TUCTA:
8—A 4 0

det [ 4 5-2) 6 = 23 42507 — 144,
0 6 12—2X\

T.C. )\1 = 16, )\2 = 9, )\3 = 0.
[MTar 2. Haiinem cobcTBentbie BeKTOpbL. [Ipu A = \; uMeem cucremy (MbI 3apaHee 3HAEM, YTO MIPH TOACTa-
HOBKE A = A\ MATPWIIA CHUCTEMBI Oy/I€T BHIPOXKIEHA U BBIMUCHIBAEM TOJIBKO TIEPBOE W TPETHE yPABHEHWE

CHUCTEMDbI)
—8x 44y = =
z+4y =0, - y = 2z,
6y —4z2=0 3y = 2z.
Torna ej = ﬁ(l,Q,S) (MBI Cpasy MpoBeJiM HOPMUPOBKY BEKTOPA). AHAJIOrMYHO, Ipu A = A
T+ 4y N x = 4y,
6y + 3z =0, z = =2y,
T.e. €3 = %7(4,1, — 2). U, nakoner, mpu A = A3

8xr + 4y =0, - y = —2x,
6y + 122 =0, y = —2z,
re. ef = Je(1, - 2,1).

[MTar 3. O6parHas 3amMeHa UMeET BUT,

x 1/Vi4  4/v21  1/V6\ (u
y|l=1(2/vVi4 1/v21 —2/V6]| v
z 3/V14 —2/v21 1/v6 ) \w
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Onpenenurens MaTpuibl 3aMeHbl paed —1. [Tomensiem mecramu e_f u e_2>.
[Tar 4. Coenaem 3ameny. MbI 3HAEM, 9TO KBaAPATUYHAS YaCTh YPABHEHUS MTOCJIE 3aMEHBI JOJIZKHA, TTPU-
HATE BUI A u? + Av? + A\3w?, Tak 9TO IPOCUUTaEM TOILKO JHHEHHYIO 9acTh. [lomy<amm

9u? + 160> — V6w — 1 = 0.

Iar 5. Ocraercs cuenats casur, T.e. £ = u, 1 = v, ( = w + 1/1/6, a ypaBnenue npuMer BuI

e o
m+1/16—\/6c.

[Ipsimyo 3ameny HaxomuM, mepeiias K OOPATHON MATPUILE

4V21 1VIE 1VGN\ L [4/V21 12T —2/V21
1/v21 2/V14 =2/V6| = |1/V14 2/V14  3/V14
-2/v21 3/V14  1/6 1/vV6 —2/v/6  1/V6

BbIBOIbI: IOBEPXHOCTD €CTh JIIMNTHYECKUI napabosona. 3aMeHa KOOPAUHAT UMEeT B

5:\/%(4x+y722)
nzﬁ(m—i—ly—i—&z)

(=2(z—2y+z+1).

S

YUOPAXKHEHUE 4. [IpuBennTe moBepXHOCTH BTOPOTO TOPSIKA,
20% —4dyz — 2y —22—-1=0

K KaHoHm4ueckoMmy Bujy. Haitnure (hopmysibl iepexona K KaHOHHYECKO# cucreMe koopauaar. Ompemenure
THUII [IOBEPXHOCTH.

HOKABATENBCTBO. [Ilar 1. Haiizem xapakTepucTuIecKue Iucya;

2-X 0 0
det | 0 =X —2| =-X+2224+4)-38,
0 -2 =X

T.C. )\1 = 2, )\2 = 2, A3 =-2.

[Tar 2. Haiimem cobctBenubie BeKTOph. [Ipm A = A = Ao cucrema BBIPOKIAETCH B OHO YPABHEHUE
—2y —22=0. Torna e = (1,0,0) (B3smm z =1,y =2 = 0), a e3 = 50,1, = 1) (m3am @ = 0, y = 1,
z = —1 u nopmuposasu). IIpu 5T0M MbI CHENMANBHO MOAOUPAIM BEKTOPBI TaK, 4TOObI OHU OKA3AJIHUCh
OpPTOroHAJBHBIME JPYT Apyry. Ilpu A = A3 umeem cucremy

4x =0, x =0,
=
2y — 22 =0, Y=z,
re. e = J5(0,1,1).

[MTar 3. O6paTHas 3aMeHa UMEeT BHI

x 1 0 0 u
yl=10 1/v2 1/V2| (v
z 0 —1/\/§ 1/\/5 w

Onpenenuresnb MaTPUIIBI 3aMEHBI paBeH 1.
[MTar 4. Coenaem 3ameny. Mbl 3HaeM, 9T0 KBaIpaTUYIHAS YACTh YPABHEHUs! TIOC/IE 3aMEHbI JOJKHA, MPHU-
HATb BEI A1u2 + Av? + A\3w?, Tak 4TO IPOCYUTAEM TOJIBKO JIHHEHHYIO 4acTb. [lomydanm

2u? + 202 — 2w? — 2v2w — 1 = 0.
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Ilar 5. OcraeTcs cuenaTs ¢ABuT, T.e. £ = u, = v, ( = w + 1/1/2, a yparHenue npuMeT BHT
4= =0.

[Ipsamyto 3aMeny Haxomum, mepeiins K oOpaTHON MaTpuie

10 oN"' /1 0 o0

0 1/vV2 1/V2 =0 1/vV2 -1/V2
0 —1/vV2 1/V2 0 1/vV2 1/V2

BbIBOIbI: TOBEPXHOCTH €CTh MpsAMOIl KPyroBoit koHyc ¢ Bepummuoil B Touke (0, — 1/2, — 1/2) u ocbio
cummerpun = 0, y = z. 3aMeHa KOODJUHAT MMEeT BH/L

( —2)
(y+z+1)

77:
¢

gk *

YIOPAXKHEHUE 5. Hanumure ypaBueHue moBepxHOCTH, HOJYyYEHHON BPAIEHUEM KPUBOI BTOPOIO IO-
panka 322 4 4xy + 1 = 0 BokpyT ocn y + 2z = 0.

JIOKABATEJLCTBO. IlpuBemem KpuByio K Kanonndeckomy Buay. Haiimem xapakTepucTuIecKue Iuciaa

3—X 2|
B 2w
T.e. A\1 = —1, Ay = 4. Haiinem coOCTBEHHBIE BEKTOPLI 1e] = %(1 — 2) %(2,1). [Mepeiizem K 3TOMY
6aszucy
x = f( u+ 2v),
y = ﬁ( 2u + ).

Ypasuenue kpupoit mpumet Bux —u’ +4v2 4+ 1 = 0, T.e. 3Ta KpuBasg — runep6osa. Ock BpalleHns IpuMeT
Bug y + 2z = 0 & v = 0, T.e. MBI BpamaeMm rumnepboy BOKPYT 0aHOM u3 ee oceil. [Ipu dukcupoBanrOM

1
ug, |ug| = 1, mbl Bpamaem Bokpyr ocu Ou jBe Touku | ug, & 5 ud — 1) — nosyvaem OKpyHOCTD
¢ ypasuenuem 4v? + 422 = uZ — 1 B miockoctn u = ug. «Pa3zMopaxkuBasg» mapamerp Ug, MOJydaem
nosepxaocTh 4v? + 422 = u? — 1 (aBynonoctueri rumepbomons). OcTaeTcas BEPHYTHCA K HAYATBHBIM

koopuuaram. ObparHas 3aMeHA UMeeT BU/I

a ypaBHeHHe TOBepXHOCTH 3z2 + 4xy + 422 +1 = 0. |

VYTNPAXKHEHUE 6. Hanummre ypaBHEHUS MPAMBIX, JEKAIINX HA TTOBEPXHOCTH OJHOMOIOCTHOTO THTIED-
Gonouma 422 + xy + 222 — yz — 4 — 3y — 6 = 0 u npoxoaAmuUX uepes Touky A(3,5,2).

JIOKABATEJBCTBO. IIpsimyio 3auumem napamerpudecku (3 + at,b + bt,2 + ct). [lopcraBum 31U KOOp-
JIWHATHI B YpPABHEHWE TUTEpOOIOnIa

t2(4c* + ab + 2ac — be) + t(5a — 2b 4 17¢) = 0.

Ha TOBepXHOCTH JOJYKHA JIESKATEH BCS TPAMAS, T.€. JOJKHBEI COKPATHUTLCA KO3I(DUIMEHTHI Tpu t2 u t.
ITonywaem cucremy

S5a —2b+17c =0, o b= (ba+17¢c)/2,
4¢? 4 ab + 2ac — be = 0, —9¢? 4 16ac + 5a® = 0.
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Pa3zemnM BTOpOe ypaBHEHNME Ha ¢ ¥ MOJYIUM KBAIPATHOE YPABHEHIIE OTHOCUTEIHHO APOOH ¢ /c. Haxomnm

-8+ +/109
5

KOPHH U IOJy4YaeM a = c. Bo3Bpammaemcs kK cucreme u moJsydaeM JiBe MpsMble

v =34 L0t o =3 ey
y =5+ TRt Oy =54 =R
z=2+t z=2+4t.



Sangrue 14

Adunnbie 1 n3oMeTpuUecKue
IIpeodpa3oBaHMsl.

x x
ONPEAEJEHUE 1. Jluneiinniv npeobpasosanueM B R? mazpiBaercs orobpazkenue <y> — A (y)’ e

A — marpuna pasmepa 2 X 2. AdpunHOe 1peodpa3oBaHue UMEET BHI, (i) — A <ch> + (Zl>, T.€. ABJISAeTCd
2

KOMIIO3UIUEl TUHEHHOro mpeobpa3oBanus u ¢apura (npubas/enue MOCTOSHHOTO BEeKTOpa b).
AmnajiormdHo 3a1af0TCa MuHeiHoe 1 aduHHOe mpeobpasopanue B R? (Marpuma A mmeer pazmep 3 X 3).

ONPEAEJIEHUE 2. N3oMerpudeckoe mpeoOpa3oBaHne — YACTHBIA ciaydail apuHHOrO, KOrga MaTPHUIa
A oproronanpHa, T.e. A- Al = E.

VHOPAXKHEHUE 1. JIoKasKuTe, 9T0 OPTOrOHAJLHAA 3aMeHa KOOpAmHAT B R? — mepexom K HOBOMY
oprorOpMupPOBaHHOMY penepy O’e}e), — reoMeTpuUecKm ecTh KOMIO3HIHs JTUOO JBYX IPeoOpasoBaHmii
(moBopor orHocuresnbHO Touku O, mapallienabHblil nepenoc), jubo Tpex npeobpazoBanuili (OTparkenue
orHOCUTENBHO Ocu O, MOBOPOT OTHOCUTENBHO Touku O, napasienbubiii neperoc). Ilpu srom, Hammame
WA OTCYTCTBUE OTPAKEHWs B PALY MPeoOpa3OBaHWil OMpemeIseTcss OpUeHTaIneil: ecan 6a3nuc {e_f’ &5’ }
MMEET TIPaBYI0 OPMEHTAIINI0, TO CUMMETPHUH HET, & €CJIN JIEBYIO, TO €CTh.

JIOKABATEJILCTBO. JIiobast opTOroHaabHasT 3aMeHa Ha TJIOCKOCTH WMEeT BT

x =Ax+b,

rae Marpuna A = (i Z) oproronasisua, T.e. a’ + b?> = ¢ + d*> = 1, ac + bd = 0. Torna MoxKHO BBECTH

yribl @ u 3 rak, 4ro a = cosa, b = sina, ¢ = sin 3, d = cos 8. Kpome roro, ac + bd = sin(a + 3) = 0.
BosmoxkHbI 1Ba caiydas: f = —a win § = m—«. BBemem Ha mIocKoCTH MoIsipHbIe KOOPINHATHL & = T COS ©,
y = rsin . B nepBom ciydae
! __ 3 —

2’ = cosax —sinay + by = rcos(p + a) + by,
Yy =sinax + cosay + bo = rsin(p + a) + bs.
[Momyunar KOMIO3UIKIO ABYX MPeoOPA30BAHUN — MOBOPOT OTHOCHTENHHO O HA YyIoJl (v M MAPAJLIETbHBIH
epenoc Ha BeKTop b. Ilpm sTom opumenTarus coxpansercsa. Bo Bropom ciaydae

a2’ = cosax +sinay + by = rcos(p — a) + by,

Yy =sinax —cosay + by = —rsin(p — a) + bs.

[Momyunnmm KOMOO3MIMIO TPex Npeobpas’oBaHWil — W3MEHEHHE 3HAKA KOODAMHATHI Y (OTParkeme OTHOCH-
renbHO ocu Ox), moBopor orHOCHTENbHO O Ha Yrojl —a W lapajlienbHblil neperoc Ha BekTop b. Ilpu
LePBOM 1Pe0BPA30BAHUY OPUEHTALUA MEHAETCs HA OTPULATENbHYIO, & /Iajlee COXPAHACTCH. |
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MosKHO TIOKA3aTh, YTO JJIsi TPOU3BOJILHONW ahUHHON 3aMEeHbBI K IIEMOYKe MpeoOpa3oBanmii J0OABISIOT-
csl IBe TOMOTETHN — pacTsixkeHne/cxkarue 1mo ocu Ox W pacTsiKeHne/cxkarne orHocurenbHo ocn Oy. B
npocTpancTse R3 opToroHaabHyIo 3aMeHy KOODIMHAT BCET/Ia MOXKHO CBECTH K TPeM MoBOpoTaM (OTHOCH-
renbro Ox, Oy u Oz), napajuieibHOMY IIepeHOCy U (BO3MOXKHO) oTpazkenuto. Jljisi npon3BoJibHOl aduHOi
3amenbl B R3 Heo6x01uMO 106ABUTD €IIe TPH FOMOTETUH 1O TPeM KOOPIMHATHBIM OCHM.

VIPAXXKHEHUE 2. Buaugajie Ha ILIOCKOCTH IIPOBE/IM CUMMETPHIO OTHOCUTEJIBHO IPAMOil 2z + y = 1.
3areM MPOBEIM CHMMETPHIO OTHOCHTEIhHO TOUKM (2,1) (yKe B HOBBIX KOODAMHATAX). 3aTeM MPOBENH
romoreTnio ¢ KoadbduimenTom pacrszkennst 2 u nentpom (—1, — 2). Haiizure nutorosoe aduHHOE Tpeos-
pa30BaHUe MJIOCKOCTH.

JIOKABATEJLCTBO. Ecau caenars OpTOroHAIBHYIO 3aMEHY KOOPIHHAT

_ 1
U = 5(21‘—|—y—1),

v == (—x +2y),

sk

TO TpsiMasi moay4nT ypaBHenwe u = 0. CuMMeTpuYHas TOYKA K TOYKe (U,v) OTHOCHTENBHO 3TOH BEpTH-
KaJIbHOI ocu ecThb Touka (u' ') = (—u,v). Jenas obparHyio 3aMeHy

/ / 2
(2u" =) + £,

Y= L+ 2w) +

i

45

11OJLy YUM
, —2u—v 2 , —u—|—2v+1

g+, Y =——+z.
5 Y TTUs T

IToacraBum croma GOPMYJILI AJId U U ¥ U HOJIY9UM

o -3z —4y+4 Y = —4x 4 3y + 2

) ’ 5 '
Temepb HANO TPOBECTH CHUMMETPHIO OTHOCHTENbHO Touku (2,1). Cmemaem cmur w' = 2/ — 2,
z/ =y’ — 1. Tenepsb HamO OTPa3uTh TOUKy (w’,z’) OTHOCHTENIHHO HAYATA KOOPIWHAT — MOJIYUNM TOU-
Ky (w”,2") = (—w',—2). Ilockonbky obparHbii caur umeer iz’ = 24+w”, ¢y’ = 142", To momy4aem

0TODpaKeHNe

:17/':4713/, y”:2fy/.
Tperbe orobparkeHnne — romorerusi ¢ neHTpoM (—1, —2). BHoBb cmenaem capur p”’ = 2" +1, ¢” =y + 2.
Temnepb MpoBeZEM PaCTSAYKEHIE OTHOCUTEILHO HOBOTO Hadana koopauuar p’’ = 2p” | ¢ = 2¢"” n nposenem
obparnyio zameny '/ = p" — 1, y"” = ¢ — 2. Tlonyunmu oTobpazkeHue

/

1.///:2xl/+1, y//:2yll+2.
Ocraercsi cocTaBUTh KOMIO3UIMIO Tpex orobpaxkennii. Umeem

6z + 8y + 37

8z — 6y + 26
5 ’ '

2" =2"4+1=9-22" = 5

y///:2y//+2:6_2y/:

VYIHOPAXXHEHUE 3. [IpocTpaHCTBO CHMMETPUYIHO OTPA3UJINA OTHOCUTEIBHO IPAMOI £, TPOXOIAIIei depe3
1TouKy (1,—1,3) 1 UMEIOLIYIO HAIPABJIAIOIIUIT BEKTOD e = (1,2,—2). Barem npoCTPAHCTBO CABUHYJIU BIOIb
9TOM TpsAMOii Ha 1, 3arem pacTsHymm B 2 pa3a BIOAL U B 3 pa3a NEPIEHAUKYIAPHO npsamoii. Hamumure
HUTOrOBOE IIPEOBPa3OBaHUE.

JIOKABATEJILCTBO. Illar 1. BBemem HOBYIO cHCTEMY KOOPIAMHAT, B KOTOPOW HAIIHM MTPEOOPA3OBAHUS
GyAyT BBIMJISAIETH HAUOOIIEe TPOCTO. 3aJaIuM ee OPTOHOPMUPOBAHHKBIM periepom Oey eses, rae O = (0,0,0),
e = ?/\?\ = %(1,2, —2), a e u e MEPTEH UK YIAPHBI . Ecom (z,y,2) L e, 0z + 2y — 2z = 0.
Hanpuwmep, MmoxkHO B34TH e_2> = %(2,0,1). Teriepb BEKTOP €3 HAJO B3dTh OPTOTOHATIBHBIM U e_1> u e_2>. Ecnn
e = (z,y,2), 10

T+ 2y — 22 =0, o 2y + 5z =0,
20+ 2 =0, z = —2zx.
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Torna e3 = 31—\/5(27 — 5, — 4). Urax, GbopMyssl Iepexona nMeroT BU

—u g 2vu 4 2w —z 2y _ 2
=3+ 7F T35 u=3+3 30
2u Sw _ 2z z
= == —_—_—— V= —F&— —_—
y=%5+ 3v5° AL
yp=—2u_ v _ Adw w= 2z _ Sy _ 4z
3 V5 3V57 3v5  3vV5  3V5°
[[Tar 2. Temepr npoBezeM Bce NpeoOpa3OBaHUA B HOBOH cmcTeme KoopauHaT. CHUMMeETpHs OTHO-
curenpHO mpamoit ¢ — ocm Ou — Bemmsaut Tak: (v, w') = (u, — v, — w). 3areM npoBemw
capur, re. (u' V" w") = (v + 10 w'), 3arem pacrskenua (v 0" w"”) = (2u”,3v"”,3w"). Uroro,

(u"" " w") = (2u 4 2, — 3v, — 3w).
[Tar 3. C nomorrpio GopMyIT epexosa MepeBeIeM STH peodpa30BaHust B KOOPIMHATH (x,y,z). Ilonyyaem

mo_ W 20" 2w’ mo_ 2u _ 6v 2w | 2
T3 NV =5 - 5" 5 TE
mo_ 2u’! 5w’ "mo__ 4 5 4
Yy = u3 + —;U?, Syt = ?u + +71% + 3
mo__2u" v 4w m_ _4u _ 3v | 4w _ 4
A==t t E S S v ALV A
Orser:
" 1 —-22 10 -10 x 1 2
=5l 7 T -2 (y]+5] 4
2" -10 —-20 -7 z —4

Touka x = (z,y,2) HA3bIBAETCS WHBAPUAHTHOM TOYKON orobpaxkenusi A, ecim Ax = X.

VOPAXKHEHUE 4. B R® 3amano orobpazkenne

z -1 6 3 T
y]l=[-3 -3 2] |y
2 3 4 3 z

HaiinuTe Bce MHBapUAHTHBIE TOUYKH, TPAMBIE W TIJIOCKOCTH.

JIOKABATE/ILCTBO. HavwHeMm ¢ WHBapMAHTHBIX TOUYEK. 3AIUINEM CHCTEMY

r=—x 4 6y+ 3z, —2x+6y+32=0,
y=-3x—3y—2z, < -3r—4y—22=0,
z=3x+ 4y + 3z, 3z +4y +2z=0.

Tperbe ypaBueHnue aydaupyer BTopoe — otOpocum ero. [lomyunm

=0,
z = —2y.

Urak, mobas rouka suga (0,y, — 2y), y € R, unsapuantna. Kpome T0ro, Mbl Halim MHBAPUAHTHYIO
PSAMYIO.
[Moumiem Apyrue WHBAPUAHTHBIE TPsSMble. KCau mpsaMas WHBAPDWAHTHA, TO €e HANPABISIOMNN BEKTOD
TocJIe TTpeodpPa30BAHNSA TOKEH OBITEH €if TapalljiesieH, T.e. TPeoOpa30BhIBATHCA KaK ¢ — k€. Bammem
cucreMmy

kx = —x + 6y + 3z,

ky = —3x — 3y — 2z,

kz = 3x + 4y + 3z.

STa CuCTeéMa MMEEeT HETPUBUAJIbHOE DELICHUE B TOYHOCTH TOI'/Ia, KOrZla MaTpulia CUCTEMbI ©UMeEeT HyJ'[GBOfI
onpenenutesb. Nmeem

—1—k 6 3
-3 —3—-k —-2|=-k—-kK>-8k+10=0.
3 4 3—k
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Ommr  xopemb k£ = 1 MBI yXe 3HaeM. JIpyIHX BEIIECTBEHHBIX KOpHeHl HeT, T.K.
k3 + k* +8k — 10 = (k — 1)(k? + 2k + 10). Utax, Ipyrux WHBADUAHTHBIX MPSAMBIX HET.

[Mowumem MHBapUAHTHYIO TJIOCKOCTh. IlycTh OHa 3amaercst ypasuenuem Ax + By + Cz + D. Torma nocie
npeobpa3oBaHusa MBI JIOKHLI IIOJYYHTh TO K€ YPaBHEeHHEe C TOYHOCTBLIO 0 HeHYJIeBOr0 MHOMKHTEId, T.e.
k(Az' + By + Cz' + D) = 0. lloxcraBum ciona mame npeoGpasosanume. [lomyanm

z(—kA — 3kB + 3kC) + y(6kA — 3kB + 4kC) + z(3kA — 2kB + 3kC) + kD = 0.

Ecim D = 0, To momydaem cucreMmy

—kA — 3kB + 3kC = A, A(-1—1/k) — 3B +3C =0,
6kA—3kB +4kC = B, < {6A+ B(—3 — 1/k)+4C =0,
3kA — 2kB + 3kC = C, 3A—2B+C(3—1/k) = 0.

9Ta cucremMa UMEeT HETPUBUATHHOE PEIIEHUE B TOYHOCTH TOTIA, KOTIA ONPEIETNTETh MATPUIBI CACTEMBI
paBeH HyJI0, T.e. 0003HauuB A = 1/k,

—1-Xx -3 3
6 —3-X 4 |==X-X2_8\+10=0.
3 -2 3=

E,HI/IHCTBQHHI)IM BEIIECTBEHBIM KOPHEM ABJIACTCA A=1 HpI/I TIOJACTAHOBKE 3TOTO 3HAYEHUA, TOJIYIUM

A=0,

6A— 4B +4C =0
- 7 B=cC.

—2A-3B+3C =0,

@ {
3A—-2B+2C =0,

Mbi HaLIM WHBAPUAHTHYTO ILIOCKOCTb Yy + 2 = 0. Ocrascs eme caygait D # 0. Torga k = 1, a umenno

9TO YHMCJIO U MOAXOANT (BcroMHWMM, uto A = 1 = 1/k). 3naunr, mobast miockocts Buna y + z + D = 0,

D € R, nuBapuanTHA.

Otser: orobpazkenue ocrasisger Ha mecre Bce Touku Buga (0,y, — 2y), rae y € R — jr060e 9ucio; sTu

TOYKH COCTABJIAIOT MIPSAMYIO, KOTOpast, TAKUM 00pa30M, OTOOpazKaeTcst B cedsi; APYTUX TAKUX MPIMBIX HET;

oroOpakeHue epeBoauT Jii00yio II0CKOCTh Buia Y+ 2+ D = 0, D € R B cebs; npyrux Takux II0CKOCTeN

HET. ]

VYHOPAXKHEHUE 5. Ilpocrpancrso nosepHyiu Ha yroi « = arctg(3/4) Bokpyr npsamoit ¢ = y = 2z
(nanpaBJieHre OBOPOTA — 110 4aCOBOIl cTpesike, ecu cmorperb u3 Touku (0,0,0) B cropony Touku (2,2,1)).
Sanumure moxyYeHHoe apUHHOE 0TOOPAKEHE.

JTOKA3BATE/ILCTBO. Ilepeitnem k oproHopmupoBannomy perepy Oe;eses, rie e = %(2,2,1) (nanpas-
JIFIOIIUIl BEKTOD Hallel IpsiMoi), e = %(72,1,2), e3 = %(1, — 2,2). Torga upu noBOpPOTE BEKTOD €1 He
M3MEHUTC a HA maockocTu Oeses3 BOSHUKHET IOBOPOT HA (¢ NPOTUB YaCOBOM CTPEJIKH, €CJIU CMOTPETDH C
BEpPIIHHBL BEKTOPa €]. MaTpuiia Takoro npeobpaszosanust pasHa

1 0 0
A=|0 4/5 -3/5
0 3/5 4/5
Ilepexom
T 1 2 =2 1 U U
yl==-12 1 =2 v|=T1]v
z 3 1 2 2 w w

HaM m3BecTeH. OOpaTHBIH MEPeX0 33,1aeTCsI 00PATHON MaTpHUIei

u 1 2 2 1 T T
vi=3(-2 1 2]|y]= T 'y
w 1 -2 2 z z
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3HAYUT, MATPUIA OTOOPAIKEHNST B UCXOIHOM DA3MCEe paBHA

40 -5 20
TAT ! = 5 13 0 —16
—-16 20 37

KonkperHbie gnciia 371eCh He TaK BaXKHBI. BayKHO TO, 9TO MAMPUya SUHETHOZ0 0TNOOPAAHCEHUA 6 PA3-
HOLE cucmemar Koopdunam passuvna. Ecau 6 odnoli cucmeme ona pasna A, a dpyzas cucmema noay-

yaemes 3amenoti ¢ mampuyet nepexoda T, mo mampuya omobpasicenun 6 Ho60T cucmeme Koopouram
paena TAT 1.

VYIHOPAXKHEHUE 6. 3anummre OTOOpaykeHue, MOJIyIeHHOE B MPEIBIAYIIEH 3a7a4e, B BUAE KOMIIO3UIIUN
Tpex Bpamenuii — BOKpyT ocu Ox, 3atem BOKpyT ocu Oy, 3aTem BOKpyr ocu Oz.

JIOKA3ATE/IBCTBO. Bpamenue Bokpyr ocu Ox 3amaercsd MaTpuiei

1 0 0
A=|0 cosa —sina
0 sina cosa

Amnanorungno, sparenust BOKpyr Oy u Oz WMeT BU

cosf 0 —sing cosy —siny 0
B = 0 1 0 , C = |siny cosy O
sin 0 cosf 0 0 1

[TepemuoOXKasg 3T MATPHUIIBI, TOTYIAEM, UTO OTOOPAXKEHNE PABHO

cosffcosy —sinasinfcosy —cosasiny —cosasin [ cosy + sinasiny
CBA = [ cosfsiny —sinasinfsiny + cosacosy —cosasinfsinvy — sina cos-y
sin 8 sin «c cos 3 cos a.cos 3
Orcrona sin § = —16/45, 8 ~ —20,8°. Anamorn4no HaxomnM « =~ 28,4°, v ~ 18,0°. |

Yrast a, 8 U Y HA3BIBAIOT Yeaamu JUaepa.
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